PLANCHEREL-ROTACH ASYMPTOTICS FOR 9-SERIES 
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Abstract. In this work we study the Plancherel-Rotach type asymptotics 
for selected g-series and g-orthogonal polynomials with complex scalings. The 
g-series we cover are Euler's q-exponential, Ramanujan function, Jackson's q- 
Bessel function of second kind, Ismail-Masson orthogonal polynomials, Stieltjes- 
Wigert polynomials and g-Laguerre polynomials. For a fixed q with < g < 1, 
in each case the main term of the asymptotic formulas may contain Ramanujan 
function or theta function depending on the value of scaling parameter. Fur- 
themore, when the scaling parameter is in certain strip of the complex plane, 
its number theoretical property completely determines the order of the error 
term. In each cases, we also investigate the asymptotic behavior of the men- 
tioned g-series when q approaching 1 in a restricted manner. These asymptotic 
formulas may provide insights to new random matrix models. 



1. Introduction 

The Plancherel-Rotach asymptotics for classical orthogonal polynomials are es- 
sential to obtain universality results in random matrix theory [2Tj. The associated 
random matrix models for g-orthogonal polynomials are still unknown today. It 
might be interesting to calculate the Plancherel-Rotach type asymptotics for q- 
orthogonal polynomials to gain some insights to the related random matrix models. 

The Plancherel-Rotach type asymptotics for g-orthogonal polynomials started 
in [18], where we studied Plancherel-Rotach type asymptotics for three families of 
g-orthogonal polynomials with real logarithmic scalings. They are Ismail-Masson 
polynomials {hn{x\q)}'^^Q , Stieltjes-Wigert polynomials {S'„(x; g)}^o g-Laguerre 

Ln (x; q) \ . These g-orthogonal polynomials are associated with 

indeterminant moment problems [l]. The asymptotics reveal a remarkable pattern 
which is quite different to the pattern associated with classical Plancherel-Rotach 
asymptotics [25 ^ fT3 } [7t f8j. The main term of asymptotics may contain Ramanujan 
function Aq{z) or theta function according to the value of the scaling parameter. 

In this work we will investigate Plancherel-Rotach type asymptotics with com- 
plex scalings for some g-series, first with fixed q € (0, 1), then let q approaching 
1 in some restricted manners. The g-series treated in this work are Euler's q- 
exponential Eq{z), Ramanujan function Aq{z), Jackson's g-Bessel functions of sec- 
ond kind J^\z;q), Ismail-Masson orthogonal polynomials {hn(x\q)}^^Q, Stieltjes- 
Wigert polynomials {5'n(a;; (3')}^o and g-Laguerre polynomials < Ll"-'(a:; g) j- 

L J n— 
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The results reveal an even more complicated pattern. The error terms manifest 
a Hnk between special functions and number theory. The method we use in this 
study is a discrete version of the classical Laplace method in asymptotics p8]. This 
version of discrete Laplace method may also be applied to study the asymptotics for 
other g-series such as general confluent basic hypergeometric functions. We prefer 
to pubHsh these results at another time. 

Through out this work, We shall assume that < q < 1 unless otherwise stated. 
We also assume that s — a+it is a complex number with a — 3fi(s) and t = 3(s). All 
the log and power functions are taken as their principle branches. The asymptotic 
formulas here are mostly for conceptual purposes, so we won't pursue the best 
orders nor the best implied constants. 

1.1. g-series. For any complex number a, we define [6l \9\ [131 [20] 



(1) (a;9)oo := n(l-' 
and the g-shifted factorial of a, ai, . . . am are defined by 

(2) (a;g)n ' (oi, • • • , a™; g)n := (ofc; g)„ 

[aq , gjoo 

for all integers n G Z amd m G N. 

Lemma 1.1. Given any complex number z, we assume that 

Izlg" 1 

for some positive integer n. Then, 

(4) ^^^ = (zg";g)oo:=l + ri(z;n), 
[z;q)n 

with 

(5) |ri(.;n)|<^^. 



(6) 7 ^ = ■— := 1 + r2 z;n , 

(z;g)oo (2g";g)oo 

with 

(7) l^2(-;-)l<^^- 

Proof. From the g-binomial theorem [6l [9l [131 HO] 

(8) (^^gidi^,.. N<1, 

(^;9)oo ^ (g;g)fc 

and the inequality 

(9) (g;<?)fc>(i-'z)' 
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for fc = 0, 1, ... we obtain 

(10) Mz;n) = E&^' 



and 



^0 (l-«) (1-9) 

Apply a limiting case of (jS]), 

(12) (z;g)oo = V '^, , i-z)' zee, 
and the inequalities, 

(13) i^>fcg^-i, (M)^^ > fclgM^o-D/s 

1-g (l-g)'' 

for fc = 0, 1, . . . we get 
and 

°° (|z| (1 - q'')k+lqk(k+l)/2 

^^ (|z|g")^+i 1 ^ |z|g"Vi 2|z|g" 
"^(l-'7)'+Mfc + l)! - 1-9 1-9 



Remark. In this work, we either have a fixed q with < q < 1, g = cxp(— dTrn" 
or q = exp (^—i^;^^ , with < a < 1 and d > 0. In these cases, the condition ^ 
clearly satisfied for n large. 

The Dedekind rj^r) is defined as |23) 

00 

(16) 77(t) e"*"/i2 "Q^^ _ e'"'^"), 

/c=l 

or 

(17) ,y(r)=giA2(,2.,2)^, 
for 

(18) g = e'^^^ 3(t)>0. 



It has the transformation formula 




PLANCHEREL-ROTACH ASYMPTOTICS FOR g-SERIES 



4 



The four Jacobi theta functions are defined as 

(20) e,{v\T):=-t f; (_i)fc^(fc+i/2)%(2fc+i) 



fc=— CSO 



(21) 02{v\t) := ^ ^(fe+l/2)=g(2fc+l).i.^ 

k=—oo 

oo 

(22) e3{v\T):= J2 a'^'e^'^"", 

k=—oo 

oo 

(23) e4v\T) := J2 (-l)^='?^''e2'=™, 

k=—oo 

where 

(24) g = e''*^ 9(r)>0. 
For our convenience, we also use the following notations 

(25) ex{z;q):=ex{v\T), z = e^-", g = e"^ 
for A = 1,2,3,4. The Jacobi's triple product identities are 

(26) Oiiv\T) = 2q'/^smnv{q^;q^U{qh^-'--q^U{qh-^-'--q^U, 

(27) e^ivlr) = 2q^/^cos'Kv{q^;q^U{-q^e''-'^;q^U{-q^e-^^'^;q^U, 

(28) 6Mr) = 9')cx>(-5e'"™; g')oo(-9e-2--; q^U, 

(29) e4(^;|r) = (g';?')cx>(9e2--;g2)^(5e-2--;g2)^. 
The Jacobi ^ functions satisfy transformations 

(30) eJ'^\-^=-iMe-'^''^e^{v\T), 



(31) 



\T T J \ t 

(32) 03(^^ =yie™'/-^3(^^|r), 

(33) ^4(^|-^)=y^e-^''^/^^,(.|r). 
Lemma 1.2. Let 

(34) < a < 1, n e N, 
and 

(35) g = e-2-^"'""", 7>0, 

(36) {q; q)^ = y/^exp {irn-" /{12'y) - nju^/U) {l + O (e-^'^^"") } , 
and 

(S7) 1 = exp (777/1712 -7rn-V(127)) r (^g-2.-yn<'>i 1 

as n —> 00. 
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Proof. From formulas ifTS]) and (flSl) we get 

(38) (q; g)oo = exp (7rn"7(127)) {n-''^-\) 

CO 

fc=i 

= VT^exp (7rn~7(127) - 7r7n7l2) {l + O (e"^^'^"") } 

and 

(39) -V = '^"P("^^V1^-;""V(12^)) 1 1 + o (e— ") I 

\Q':Q)oo 

as ri —> cxD. □ 

Similarly, we have: 
Lemma 1.3. Assume that 

(40) q = cxp ( , n > 2, 7 > 0, 



7logn 



then, 



(41) (g;g)oo ^ n-^/i^/^b^exp ( ^^J^g^ ) + 



anrf 

(42) ^^ = ^^=exp 1 ) {l + 0(n-2-7)| 

as n — > oo . 

We will also make use of the trivial inequality 

(43) |e"-l| < l^lel^l 
for any z e C. 

1.2. Generalized Irrational Measure. For an irrational number 0, Chebyshev's 
theorem implies that for any real number f3 , there exist infinitely many pairs of 
integers n and m with n > such that [TT] 

3 

(44) n6' = m + /? + 7„ with |7„ | < - . 

n 

Clearly, Chebyshev's theorem says that the arithmetic progression {ri^}„£z 
godic in R. 

Definition 1.4. Given real numbers 6j and fij for j — 1, TV, the generalized irra- 
tionality measure lo{Oi, . . . , 9]si\l3i, . . . , (3n) oi 0i, . ■ . ,9n associated with /3i, . . . , 
is defined as the least upper bound of the set of real numbers r such that there 
exist infinitely many positive integers n and integers mi, . . . , totv such that 

(45) \n9,-P,~m,\<-^. 
for j = 1,...,N. 

Proposition 1.5. Let 9 he an irrational number, then for any real number (3, its 
generalized irrational measure associated with (3 is U!{9\j3) > 2 . 
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Proof. The assertion is a direct consequence of the Chebyshev's theorem. □ 

Recall that the irrationality measure (or Liouville-Roth constant) fi{0) of a real 
number 9 is defined as the least upper bound of the set of real numbers r such that 
[28] 

(46) < |n6' - m| < 

is satisfied by an infinite number of integer pairs {n, m) with n > 0. It is clear that 
we have 

(47) u{e\Q)=m- 

A real algebraic number 9 of degree £ if it is a root of an irreducible polynomial of 
degree t with integer coefficients. Liouville's theorem in number theory says that 
for a real algebraic number 9 of degree there exists a positive constant K{9) such 
that for any integer m and rt > we have 

(48) \n9-m\>^^. 

A Liouville number is a real number 9 such that for any positive integer £ there 
exist infinitely many integers n and m with n > 1 such that [28J 

(49) 0<\n9-m\<--^, 

It is well known that even though the set of all Liouville numbers is of Lebesgue 
measure zero, topologically, almost all real numbers are Liouville numbers. 

Proposition 1.6. The generalized irrational measure uj{9\P) has the following 
properties: 

(1) For any real algebraic number 9 of degree i, one has uj{9\0) < £. 

(2) For a Liouville number 9, one has uj{9\0) — oo. 

Proof. The first assertion follows from the definition 11.41 and l(47j) while the last 
assertion follows directly from the definitions of the generalized irrational measure 
and the Liouville numbers. □ 

It is clear that the quadratic irrationals 9 such as y/2 have the generalized irra- 
tional measure uj{9\0) = 2 for any real number p. 
For any real number 9, we consider the set 

(50) §(0) = {{n9} : n e N} . 

Obviously, the set 3{9) is a finite subset of [0, 1) for 9 e Q. When 9 ^ Q, the set 
E>{9) is dense in (0, 1), which is a consequence of Chebyshev's theorem. 

Lemma 1.7. We have the following: 

(1) Assume that 9 > and G Q. For any real number A with {A} G ^(9), 
there exist infinitely many pair of integers n and m with n > such that 

(51) n9 = m + X, to e N. 

(2) Let 6 be an irrational number, then for any fixed real number (3 there is a 
positive number p > 1 such that 

(52) n9 = m + f] + jn, m e I., |7n| < A 

holds for infinitely many positive integers n. Furthermore, to e N if 9 > 0. 
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(3) Given two rational numbers r, 9 with r < 0, there are X, Xi with {A} G 
S(— r), {Ai} e S(6') and infinitely many integers n, m with n > such that 

(53) — nr = m + X, m G N, n9 — mi + Ai, mi G Z. 

(4) Assume r < 0. // onZ?/ one of t and 9 is rational, say, r is rational and 9 
is irrational, then for any fixed real number (3, there is a positive number 
p> 1 and some rational number A with {A} G S{—t) such that 

(54) n9 = mi+P + bn, mi G Z, |6„| < — 
and 

(55) — nr = m + A, m G N 

hold for infinitely many positive integers n. 

(5) // both —T > and 9 are irrational and there exist real numbers Pi, (32 such 
that 

(56) u{-T,9\(3i,P2)>l. 
then for any p with 

(57) O<p<c^(-T,0|/3i,/32)-l, 

there exist infinitely many integers n and m with n > such that 

(58) n9 ^ mi + (32 + bn, mi G Z, |6„| < 
and 

(59) —nT = m + Pi+an, m G N, |a„| < — . 

nP 

Proof. The first two cases are trivial, they are direct consequences of definition of 
uj{9\P) and the Chebyshev's theorem. 

To prove the third assertion, we only need to consider the case that A, Ai G (0, 1). 
Let T, 6* G Q, if or T is an integer, then ([SSj reduces to fSTj) . Assume that t < 
and 9 are not integers, let 

(60) pi>l, (pi,gi) = l. 

Pi 

and 

(61) 0=-, P2>1, (P2,'72) = l. 

P2 

If 

(62) d=(pi,p2)-l, 
and for any 

(63) A = — G §(-t), Ai = — g S{9), 

Pi P2 

let ui, U2 be any two integers satisfying 

(64) vi = qiui{ mod pi), V2 = <?2U2( mod P2), 

then, by Chinese remainder theorem, there exist infinitely many positive integers 
n,ni,n2 such that 

(65) n—pim+ui, n—p2n2 + U2. 
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Hence, 

(66) — 71T = Tiiqi H = m + A 

Pi 

and 

(67) n9 = n2q2 + = mi + Ai. 

P2 

In the case that 

(68) d=(pi,p2)>l, 
we let 

(69) pi = -, P2 = -. 
From the previous discussion we see that for 

(70) Ae{0,l,...,^}cS(-.) 
and 

(71) Aie(o,^,...,^^lc§(0), 

i P2 P2 ) 

there exists infinitely many positive integers n', to' such that 

(72) — n'r = TO + A, n'0 = TOi + Ai, toi,togZ, 

where the new n' — dn for each n in ((64l) . Given any two real numbers t < and 
6*, if just one of them is irrational, say, r is rational and 9 is irrational, then by 
((511) , there are infinitely many positive integers n satisfying equations of (|53l) . Since 
S(— r) is finite set, then there exist some A G ^{—t) and infinitely many positive 
integers n satisfying all the equations of l(53|) and (|54|) . 

In the case when both r < and 6* are irrational, l(57|) and (|58|) follow from the 
definition of w (— r, 1 /3i , /?2 ) • Q 

2. g- Exponential Function i?g(z) 
The Euler's g-Exponential is defined bv [6t [9t fT3t [20) 

(73) E,{z):={-z-qU = Y, '^ z\ z e C. 
For any complex number z, we notice that 

(74) i5,((l-g)z) = ^ii^g'=(^-i)/^.^ 

fc=0 '-'^'^'''^ 



By applying (fT3|) we get 

(l_,)V(fe-l)/2 1 

^''^ — ra^ — - k^. 

for any nonnegative integer k. Hence by Lebesgue dominated theorem we have 
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and this is the reason why Eq{z) is called a g-exponential. Indeed, it is one of 
several g-analogues of in g-series. From l(73l) and (|74l) . it is also clear that 

(77) |i?,((l-g)z)|<el^l, z £ C. 

From (|72)l we also have 



(78) \iE,{z)\<J2 



9 ' — 



and for any nonzero complex number z, the terms 



(79) q'^'f'im, k = 0,l, 



are bounded by 

(80) exp 



log^ \z/q\ 
21ogg 



Then we have 

(81) l(^.WI^exp^-^lE 



2 log 9 ^ tr'o(i;q)k 



or 



(82) |(i?,(z)| < r 

From Jacobi triple product formulas we obtain 

(83) \03iz;q)\ = \iq^~qz,-q/z;q^)^\ 

< T^^exp/--^ [log2(|z|/g) + log2(|z|g)] 

{q\q)io I 4iogq 

Since 

(84) log2 {\z\/q) + log' (I z I g) = 2 log^' | z | + 2 log" g, 
then, 

(85) 6'3(^;'7)<7 2T2-^^^Pl~Ti 

Similarly, we have 

(86) |6'4(z;q)| < 7 ^r^^ — ^ exp ^ 



{q^q^YooVq I 2iog(7 

,^7, |. , ,1 ^ 2^(g^;g^)o.cosh(llog|z|) r log'izQ 

|..(z;.)| < 2^(.-;.2oo^cg(llog|z|) ^^^|_]g^|_ 
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2.1. Asymptotics for Eq{z) . Assume that 



(89) 



S = T + 



2me 
logg' 



T,6'e 



Then for any nonzero complex number z, we have 



(90) 



For the Euler g-Exponential Eq{z) we have the following results: 
Theorem. For any nonzero complex number z, let 



(91) 



log n 
-logg 



7 



we have the following results for Eq{z): 
(1) If T > Q, then we have 

(92) Eg(-g"^+i/2^) = l+r,e(n|l), 

and 



(93) 



(2) Assume that r = 0. If for some fixed real numbers (3 and p > 1 there are 
infinitely many positive integers n such that 



(94) 



(95) 



(96) 



then, 



n6 = m + B + bn, \bn\<—, m e Z, 

nP 



Eqi-q'^'+'^'z) = Eqi-zq'/\^^'^;qU+rqe{n\3) 



and 



\rqe{n\3)\ < 24exp( ^ 



z\V9\ j log? 



+ -T-: 



for n sufficiently large. 
(3) Assume that r < 0. // for some fixed real numbers A and Ai there are 
infinitely many positive integers n such that 



(97) 



(98) 



nr = m + A, m e N, n6 = m\-\-\\, mi € Z. 



Then 



Eq{-q--+y^z){q;q)^ 
^ ^^27rin0ymqm{nr-\-m/2) 



^4(^-Ve-'"*^^;^/^)+r,e(r^|4), 



(99) |r,e(n|4)|<403(k|-V;V9)|Y 
for n sufficiently large. 
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(4) Assume that r < 0. If for some fixed real numbers f3, X, p > 1 there exist 
infinitely many positive integers n such that 

(100) -nT = m + X, m e N, 
and 

(101) ne = mi+(3 + bn, < ^, mi e Z, 



then, 



and 



(103) 



lv(n|5)| < 48^3 (1^1-^5^ ri) 1^^^^ + Vr + + ^} 

for n sufficiently large. 

(5) Assume that t < 0. If for some fixed real numbers P, X, p > 1 there are 
infinitely many positive integers n such that 

(104) —nT = m + (} + an, |a„| < — , m G N, n9 = mi + X, mi G Z, 
then, 

(105) (!:l;r.P',':ii';w2) = V^^-^"^ ^/^) + V(-|6), 
arid 

(106) 

|r,e(n|6)| < 6^3(|.|-/; ^/^) + ^ + kr'" + 

n'' i — g |2;|-'" J 

/or n sufficiently large. 

(6) Assume that r < 0. If for some fixed real numbers pi, P2 and p > there 
exist infinitely many positive integers n such that 

(107) - nr = m + /Ji +a„, |a„| < — , m e N, 
arid 

(108) ne = mi+(32 + bn, IbJ < —, mi e Z. 
Then, 

(109) (!l;r.p',':ii:;t;^ - {z-V^e-^-^-,V^) + r,e(n|7), 
arid 

(110) 

Mn\7)\ < 54.3(N-/^; Va) + + + ^^"^^^2""'" 

/or n sufficiently large. 
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Remark 2.1. If only one of t and 9 is an irrational number, say r, then the real 
number /3 could be fixed as 0. If r is an algebraic of degree I, then the order of error 
term can be no better than 0{n^~^), while if the number is a Liouville number, 
then, the order is better than 0{n~'^) for any real number r. In case of an arbitrary 
irrational number t and an arbitrary real number /3, the error term is 0{n~^~^'^) 
for any small e > by the Chebyshev's theorem. This remark applies to all the 
asymptotics in this work. 

In the following corollaries wc assume that 

(111) z := e^'^", ueR. 
Corollary 2.2. Assume that 

(112) q = exp(-2n""7r), < a < ^, n e N, 

we have the following results for Eq{z): 
(1) Assume that r > 0, we have 

(113) Eq{- cyi\:,2ii{u + n^'^T + n^" /2)) = 1 + O (n'^e" 



2-Krn 



for n sufficiently large. 
(2) Assume that r < 0, if for some fixed real number A there are infinitely many 
positive integer n such that 

(114) -nT = m + X, m e N, 
then, 

(115) Eq{-cxp2TT{u + Tn'^-'' + n-''/2)) 

_ 2exp (7rn-"(n"w - nr)^) {cos7r(n"w + X) + O (e-^'^"")} 
~ (-1)^+"T exp (7rn«/6 + 7rn-«/12) 

for n sufficiently large. 

Let 

(116) g = exp( ^), n>2, 7 > 0, 

7logn 

then we have the following: 

Corollary 2.3. we have the following results for Eq{z): 
(1) Assume that t > 0, we have 

(117) -cxp27r u U= 1 + logncxp -■ 



7 log n J J \ V 7 log n 

for n sufficiently large. 
(2) Assume that r < and for some fixed real number A there are infinitely 
many positive integer n such that 



(118) 



— nr = m + A, m e N, 
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then, 

TIT + 1/2 



(119) Eq \^-exp2TT l^u 

^ (-l)™+^exp 



7 log n 
7r(7ulogn — nr)^ 



7logn 127 log n 

X 2n-''"/^ {cos7r(7itlogn + A) + Oin'^'^'')} 

for n sufficiently large. 
(3) Assume that t < 0, if for some fixed real numbers (3, p > 1 and A there 
exist infinitely many positive integers n such that 

(120) -nT = m + /3 + an, |a„| < — , to e N, 
then, 

(121) Eg ( - exp 27r (u "'^ ^ "^^^ 



exp 



7logn 
tt{ju logn — nr)^ 



7logri 127 log 

2 {cos 7r(7U log n + /?) + 0{n-^p/^ log n) } 



(_l)m^2p/27 

for n sufficiently large, where 



2.2. Proofs for Theorem 12. IL Assume that t < and 

(123) — nr — m + c„, m G N, n0 = toi + d„, toi € Z, 

then, 

(124) 

= y -^(-ze™g"-)'+ y -l_(-ze2™V1 



= Sl + S2- 

Reverse summation order in s\, 



(125) , ^ y g'='/2(-q-"z-ie-2x.<i„)feg(^ ^) 

with 

(126) e(fc,n) = /^if^, 
then, 

(127) |e(fc,n)|<l 
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for < fc < m. An application of Lemma [LT] gives 

(128) |e(fc,n)-l| = |ri(g;m-fc)| < ^— . 

for < fc < fc„ — 1 and n sufHciently large. 

We shift the summation index from fc to fc + to in S2 , 

(129) (_^^ J:;;2;:7n.+W2) = f.f''\-^^-^e--'" ffik.nl 
with 

(130) /(fc,n)- 



(9; q)ni+k ' 
then, 

(131) |/(fc,n)|<l, 
and 

(132) |/(A:,n)-l| = |ri(<z;TO + fc)|<^^^ 
for fc e N and n sufficiently large. 

2.2.1. Proof for case 1. If we write 

(133) E^{-q'''+^'^z)^l + r,e{n\l), 
then, 

(134) ,^^(„|i)=^^(_,e2-"V^)\ 

k=i ^'^''^>'' 



Hence, 



00 t.2 



(135) \r,,in\l)\<J2^{\z\q-n'<Y. 



^('7;'7)fc ^ fc!(l-g)'= ((7;(7)fc 

- 1-q k\{l-qY - l-q "'"^ I l-q 



k=0 

by an application of (fT3| . 

2.2.2. Proof for case 2. It is clear that 



p 



(136) 1 < in < ^ 

for n sufficiently large, then. 
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(137) E(-q^'^^l''z) = y i-ze'^'^f') ' e^-''^"" 



k=0 



Then, 



= ^,(-V/V"''^) + Si + S2 + S3. 



" in! ^ fc! - i„! \l-q 



For n sufficiently large, 
Hence we have proved 

(140) Eg{-q"'+^/^z) = £;g(-2gi/2e2-*/3) + r,e(n|3), 
where 

(141) rge(n|3) = si + S2 + S3, 
and 

(-) M»,3,l...»p(^){i^.±(^)-} 

for n sufficiently large. 

2.2.3. Proof for case 4- Notice that 

(143) 

('i;q)ooSi _ Sr^ k'/2(_ X -1 -27Ti\i^k (, ^ 



fc=0 fe=fcn 

fc^i — 1 rn 

+ ^ g'='/2(V^"'e-2"^i)'^{e(A;,n)-l}+ ^ g'^'/^^ V^~'e-2'^^^i)'=e(/fc, n) 

k=0 k=k„ 



fe=0 
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Thus, 



k=kn ^' 1^1 ^=0 



and for n sufficiently large, 



Let 

(146) ri(n) = sii + si2 + si3, 

then. 



and 

(148) \r^(n)\<2es{\z\-'q^;^)^f— + 

for n sufficiently large. 
In the second sum, 

OO CO 

= E 9''/'(-29"^e2-*^^ + E 9''/'(-29"^e2-*^i f {f{k, n) - 
fe=i fe=i 

-1 

= J2 9^''"(-?^^"^e-2^'^i)'=+r2(n), 



k=—oo 



and 



(150) |r2(n)| < ^ ± ,^V2(,-A|,|). < 2^30^^Vlv^^.„ 
for n sufEcicntly large. Hence, 

(151) = (.-,^e--^^; V^) +r,e(n|4), 
with 

(152) |r,e(n|4)| < 4^3 (kP^a^ ^) | 7=^ + j 
for n sufficiently large. 
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2.2.4. Proof for case 5. In this case we have 
(153) 

_ Vo'='/2(-_„A -1 -2,ri/3Nft -27ri/cb„ ^ 

l^_ze^-nine^mqm{nT+m/2) - 2^^ 9 ^ 6 )e e[K,n) 

OO OC' 

fe=0 fc=j„ 

+ g'='/'(-g^z-ie-2"'3)'= {e(fc, n) - 1} + g'='/2(_^A^-ig-2«/3^feg^^^ ^^-2.^kK _ 1} 

fc=0 fe=0 



k=jn, 

= E g'='/2(-9^^-ie-2-'^)'= + sn + S12 + si3 + si4. 

fe=0 

Then, 



<20-,{\z\-'q^;^) 

We also have 



00 / A \ 1 

(155) |si3| < 27ri„|6„|e2-^"l^"l^^/V2 (^^j < 34^3 y^) 



and 

(156) |si2|<^e3(k|-V;V9) 

for n sufficiently large. 
Let 

(157) ri (n) = sn + S12 + sis + Si4, 
then 



and 



(159) |n(n)| < 24.3 (N-.^ v^) + + 

for n sufficiently large. 
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Similarly, 
(160) 

(9;g)°°'^2 _ \^ „k^/2(_ -\ 2^tl3\k f(, N 27rife6„ 

(^_Ze^nine-^mqm{nT+m/2) - V ^ )J\'^'^)^ 

k=l k=jn 

fc=l k=l 

oo 



2-Kikhn 



27rikbn 



k=jn 
fc=— oo 

Then, 

OO OO 

(161) |.2i + s,,\ < 2 £ q''/\\z\q-')' < 2 'Z^"/'-'^" E 9'^/'(l^k-^+^")* 

/s=j„ /s=0 
< 2^3 (1-2]- V; x/?) 9'"/'"^^". 

For sufSciently large n we have 

(162) \s,,\ < l^g.'^V^d.i.-A). < |^^3(|,|-V.^^^ 

fc=l 

and 

oo , 

(163) \S2S\ < 27ri„|6„|e^'^^"l'"'l E9''/'(l^l9-')' < 24^3 {\z\-V;Vq) ^ 

/s=l ^ 

for n sufficiently large. 
Let 

(164) r2(n) = S21 + S22 + S23 + S24, 

then. 



k— — oo 



with 



(166) \r,{n)\ < 240, {\z\-\\^) + ^ + j.^ 

for sufficiently large n. 
Therefore, 

fl67l E,i-q^^+'/^z){q;qU _ . . i a -2.i/3. /-^ , „ . 
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with 
(168) 

lv(n|5)| < 48^3 {\z\-\\ Vg) 1^^^^ + 9^"/^-^^" + 1^ + ^} 
for n sufficiently large. 

2.2.5. Proof for case 6. Notice that 
(169) 

ii;q)ooSl - Vr7*='/2('_„/3-,-lp-27riA<>fc fca„ /. 

l^_ze-27^in0-^mqm(nT+m/2) - 2^^ [ Q z 6 )q e[lc,n) 

oo oo 
fe = k=jn 

+ q'^'/^-q^z-'e-^-'^)' {e{k, n) - 1} + <z''/'(-/^-'e-^"^)'=e(fc, n) - l} 

k=0 k=0 

m oo 

+ E 9''/'(-/^-'e-'-^^)^'=""e(fc,n) = ^ ^'^'/'(-/-J-'e-^-^)'^ + sn + S12 + sis + S14. 

fe=j„ fe=0 

Since 

(170) Ig'^"" - 1| < i„|a„|logg-ie^"l«''l'°^''-^ < 
and 

(171) |^fcan| < gj„|o„|logg-i < 3 

for < fc < j„ — 1 and 

(172) < 9-2'= 
for any A; > 0, then, 

(173) 

kii +si4i < 2 E ?'^^/^(«'^-^ki-^)'= ^ I " Eg^^/^(g"-^+^i^r^)'' 

1 R . flJn/2+(/3-l)jn 



bp" 



and 



(174) |si2| < ^£'^''^'('^''1^1"')' ^ 203(1^1-1^^; V?)^ 

^ fe=o ^ 



(175) |si3| < ^f;,'=V2(,/5|,|-i). < 303(|.|-^g'^; Va)-""^" 



fe=o 



for n sufficiently large. Hence, 



PLANCHEREL-ROTACH ASYMPTOTICS FOR g-SERIES 



20 



n 761 = V o'='/2f-a'^z-^e-2"-^l'= + n (n) 

where 

(177) n (n) = sii + si2 + si3 + si4, 

and 



(178) |n(n)| < 303(|^r^g''; Va) r=^ + ^ + ^-—j-n 



for n sufficiently large. Similarly, 
(179) 



oo 



— — 1 k—jn 



fc=i fe=i 
+ 1] g'='/2(-zg-^e2"^)V(fc,n)g"''"'' 

= E «''/'(-/^"'e-'^^')'=+S21+S22 + 523 + S24. 

fc= — CX) 

Then, 
(180) 

OO oo 

|S21+524| <2 E «'='/'(|^|g-^-'')'=<2|zr Q^"/2-(^+^)^"E9''^'(l^l9"'"''+'")* 

fe=jn ^=0 

< 2^3(1^1-1/; ^ \zf- gJn/2-(/3+lWn^ 

(181) |S22| < E ^I'^'^iW-'f < ^es{\z\-V; ^/9), 



and 



(182) |S23| <'-^f:<i'''/\\z\<i-'r < '^Osi\z\-V;Vq) 

fe=0 

for n sufficiently large. Hence 

(183) (_^e2^'"^)"'g'"("^+"»/2) ~ ^2-^ ^ ^ +^2(n). 
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where 

(184) r2(n) = S21 + S22 + S23 + S24, 

and 

riogn 0^ „ ,./2-(/3+iw„ 



(185) |r2(n)| <303(kr'/;V«) 

for n sufficiently large. Therefore, 



nP l-q ' ' 



|r,e(n|6)| < Q6,{\z\-\P; ^) ^ + + ^.'S/^-C/S+D.n + t 



(186) (!:i,;r.p',':ii'.v!i:72) = (--^/^-^^"; v.) + ^(nie), 

with 
(187) 

for n sufficiently large. 

2.2.6. Proof for case 1. Observe that 
(188) 

(9'g)°°'^l _ „feV2(-_„/3l7-l„-27ri/32^|fc„fca„ -27rifef>„ /. N 

(_ze^-Kin&yn(^m.(nr+jnli) - 1^^ [ 1 ^ ^ )Q e e[K,n) 

oo oo 
= ^gfcV2(_^/3i^-lg-2.^ft^fc _ ^ gfcV2(_gft^-lg-2.i/3.)fe 

fe=0 fe=j„ 

+ E (-g^^2"'e-2-*^^)'= {g'^"" - 1} + 13 g'=V2(_^/3l^-lg-2..A)fc^fca„ 

fc=0 fe=0 

fe=0 

m 

+ ^ g'='/^(-/iz-ie-2-/3^)^'=»"e-2-'=^"e(fc,n) 

OO 

= E 9'='/'(-/^^-'e-2-^''=)'= + Sll + S12 + S13 + S14 + S15. 
fe=0 

For n sufficiently large we have 

^ 9 /2+(/3i — l)j ^ 

MiBft>5i < 2x:g"'/^(9^--^i^rY< , u — ^Eg'='/^(/-^+^"|^|-Y 

fe=j„ fe=0 

(190) |.i2| < ^E«'^^^^('^'^^N-^)'= ^ ^^3(N-^/^ v^), 

fe=0 
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(191) |si3| < ^f:q''/\q^^\z\-r < ^es{\z\-V^;^), 

^ k=0 ^ 

and 

(192) ki4i<^^^3(izrv^;v^). 

Hence, 
where, 

(194) ri(n) = sii + si2 + si3 + si4 + si5, 
and 

(195) |ri(n)| < 2703(|z|-i/- V^) | ^^p- + J_ + I 

for n sufficiently large. 
Similarly, 

(196) 

(9;g)oo'^2 _ „k''/2(_ -I3i 2ni02\kf(i. \ 2-Kikbn „-kan 

(^_Ze^-nine^mqm{nT+m./2) - 1^^ V ^9 ^ )J{K,n)e q 

— 1 cx> 
fc= — OO k=jn 

+ 5^ 9'='/^(-^9-''v2'^'''^)'={/(fc,n)- 1}+ J2 q'''^\-zq-^'e^''^f^^)''f{k,n){q-'"'- - l} 
fc=i fe=i 

+ E 9'='/'(-^9"^'e2-^''=)V(fc, «)?-'=«" {e^^"'^" - l} 
fe=i 

OO 

+ Yl 9''' ^^(--29"'''e2"'^=)'=/(fc,n)e2'^''=''" 

-1 

= E 9''/'(-/^^-'e-'"'''=)' + S21 + S22 + S23 + S24 + S25. 

For n sufficiently large we have 

00 00 
\s2i{mh\ < 2 E < 2g^"/2-(/3i+ib"|^|i''^g'=V2(|^|gi.-/3i-i)fe 

(198) |S22| <^^f:q''/H\z\q-^^r < ^M\z\-V-, V^), 
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(199) \s.s\ < ^f:/^^/^(N."^o'= < '-^o,i\.rv-,v-^) 

k=l 



and 



(200) \s,,\ < ?^}2fle,i\z\-V';^). 

Hence, 

(2011 il-,q)ooS2 V- o'='/2f-o/3iz-ie-2"^n'= + r,fn) 

^ ' ^ k=-aa 

where, 



(202) r2(n) = S21 + S22 + S23 + S24 + S25, 
and 

(203) |r2(n)| < 2ie,{\z\-\^^-, ^q) + ^ + qAn-iP^+^)^^ 
Therefore, 

where, 

(205) r,e(n|7) =ri(n)+r2(ri), 

with 
(206) 

finer 77 n^^ 9, , r/jS/2+(/'i 

I V(n|7)| < 5403(kr^^^ ; ^) + ^ + + 9 



for n sufficiently large. 

2.3. Proofs For Corollary [HH 

2.3.1. Proof for case 1. We notice that 



III -Ti-I , , 

(207) — — = O [n'^e-^''^'' " 



for n sufficiently large. Then from ((92l) and l(93|) we have, 

(208) Eq{-- exp 27r(M - n^-^r - n-''/2)) = 1 + (n^e'^'^^"'"") 



as 71 OG. 
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2.3.2. Proof for case 2. From dH]) , [lO] and ([Ml) we have 

(209) + ^^i;— j - O (e--«") 

as n-^ oo. From (|3T|) and (|32l) we have 

(210) 03 {z-^q^; V?) = 6'3("""Ai + mln-'^i) 

= V^e''""'"("''"+-^''6i3(n% + A|7i°z) 

and 

(211) 04 {z-\^; Vg) = e^in-'^Xi + uiln-^i) 

= V^e™"°("°"+^)'6l2(n"w + A|n"i) 

= 2V?T" exp ( nn^"-{n'^u + \f — j 

cos irin^u + A) { 1 + O (e"^™") } , 



and 



(212) ^ = exp(.nVl2-.n-Vl2) r ^ ^ , | 

for n sufficiently large. 
Then, 

(213) £;,(-exp27r(w- n^^^T- n"''/2)) 

2 exp (7rn-"(n'^'u - nT)^) {cos irin^u + X) + O (e-^™") } 
^ (-1)^+"^ exp (7m"/6 + 7m-'^/12) 

for n sufficiently large. 

2.4. Proof for Corollary HH 

2.4.1. Proof for case 1. Since 

(214) 

as n ^ oo, then 



(215) -exp27r M '— =1 + lognexp ' 



7 log n ) ) \ \ 7 log n 

for n sufficiently large. 
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2.4.2. Proof for case 2. In this case we have 
(216) e3iz-\^;^)^eJm+ ' ' 



7 log n 7 log n 
{-fulogn + X)^ 



— \/ 7 log n exp 6*3 (7ulogn + A I 17 log n) 

7logn 

r-j (7ulogn + A)^ . _ -. 

= V7logn-exp {l + 0{n ^)| , 

7 log n 



and 



(217) 04{z-\^;^) = e4{m + 



7 log n 7 log n 
{-fulogn + A)^ 



= a/ 7 log n exp ^ 02 (7ulog7i + A I ^7 log 71) 

7logn 

o -7r7/4 (7ulogn + A)^ 

= 2n '' \/7lognexp 

7logn 

X cos 7r(7u log n + A) { 1 + O {n-^''"' ) } , 

and 

(218) = / "^'""^ {1 + C^(n-^-)} 

as n ^ 00. Thus, 

(219) £;J-exp27r M --^ ^ exp ' ^' ^ > 



7logn J J \ 7logn 127logn 

2 |cos7r(7ulogn + A) + ©(n^^'^'')} 

as n ^ cxD . 

2.4.3. Proof for case 3. A similar calculation to get 
(220) 

/ / nT + l/2\\ /7r(7ulogn — nr)^ tt 

- exp 27r u = exp — — — 

\ \ 7logn // \ 7logn 127logn^ 

2 {cos 7r(7u log n + /?) + 0{n^^P/^ log n) } 

^ (_l)m„2p/27 



as n — > 00 , where 
(221) 



^ 4p 
^ 97r' 

3. Ramanujan Functions 



Ramanujan function Aq{z) (??), which is also called g-Airy function in the litera- 
ture, appears repeatedly in Ramanujan's work starting from the Rogers-Ramanujan 
identities, where Aq{—1) and Aq{—q) are expressed as infinite products, [3], to 
properties of and conjectures about its zeros, O El [lOl [16]. It is called g-Airy 
function because it appears repeatedly in the Plancherel-Rotach type asymptotics 
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A'^{z)\<^^M-\z\), zee, 
\A,{{1 - q)z)\ < e'^^^K zee, 



of g-orthogonal polynomials, just like the classical Airy function in the classical 
Plancherel-Rotach asymptotics of classical orthogonal polynomials [25l [131 [7l [8]. 
Apply inequalities in l|13p . we have 

(222) ' '"-'^ - * 

and 
(223) 
or 

(224) < e«l^l/(i-«\ zeC. 
Similar to Eq{z) case, we could prove that 

(225) lim AA{\ - q)z) = e"^ z e C. 

(J— 1 

Hence, Ag(z) is really one of many g-analogues of the exponential function e" 
For any nonzero complex number z, then. 



fc=0 



clearly, the terms l'^\z^ are bounded by 
(227) exp ' ^ ' ' 

for fc = 0, 1, thus. 



21ogg 



(228) 

or we have 
(229) 



\Aq{z)\ < exp<^ - 



log' \z\ 



2 log (J 

< 9)00 exp 



fe=0 



1^9(2)1 < (-\/9;'7)ooexp 
for any nonzero complex number z. 
3.1. Asymptotic Formulas for Aq(z). Assume that 



log' \z\ 
21ogg J ' 

log' |z 



21ogq 



(230) 



s = 2t- 



27ri^ 



logg' 

then for any complex number z we have 

00 1.2 



(231) 



ze ) 



fe=0 



Theorem. For an?/ nonzero complex number z, let 
(232) Jn 



log n 


h — 


—nr 


_ -logg 


1 "'n 


2 



we /lawe t/ie following for Ramanujan function Aq{z): 
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(1) //r > 0, then, 

(233) Ag(g"^z) = l + r,/Hl), 

and 

(.34, ,,H.)l^tk^^exp(feM!^). 

(2) Assume that t = 0, if for some fixed real numbers (3 and p > 1 there are 
infinitely many positive integers n such that 

(235) ne = m + (3 + bn, |6„| < — , m e Z, 

nP 

then, 

(236) Ag{q"'z) = Ag [ze'^'P] + r,/(n|3), 
and 

(237, ,,H3)l.24e.p(J±){!He + -|^} 

for n sufficiently large. 

(3) Assume that r < 0. If for some fixed rational numbers A and Ai there are 
infinitely many positive integers n such that 

(238) -nr = m + A, m e N, n6' = mi +Ai, mi e Z, 
then, 

^'oQo^ Ag(g"''z)(g; g)oo /'^-i„2A^-27rai . „\ , ^ 

(239) (_^e2,rmg)mgm(2nr+m) " 9 6 , 5) + r^/(n|4), 



and 



1„2A. N ) 9 , 9 



(240) \rrMA)\<Ae,{\z\-'q^^;q)lf- 



/or n sufficiently large. 
(4) Assume that r < 0. If for some fixed real numbers (3, A and p > 1 i/iere 
ea;«sis infinitely many positive integers n such that 

(241) -nT = m + A, m e N, nO = mi + /3 + bn, IbJ < —, mi e Z, 



iften, 



and 

(243) 



r,/(n|5)| < 48^3 | ^^^^ + I^P" 9^"-'"^'' + ^TT + ^ 

/or n sufficiently large. 
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(5) Assume that r < 0. If for some fixed real numbers X, (3 and p > 1 there 
exist infinitely many positive integers n such that 

(244) —nT = m + 3 + an, |a„| < — , m e N, nO = mi + X mi e Z, 

nP 

then, 

(245) ^^e^a^-,^ = 0. (.-,^^e— +r.,(n|6), 
and 

(246) 



|r./(n|6)| < 1203 {\z\-\^^;q) + l^^'" g^^-^C/^+ib- 



1 — q nP 



for n sufficiently large. 
(6) Assume that r < 0. If for some fixed real numbers Pi,P2 and p > there 
exists infinitely many positive integers n such that 

(247) - riT = m + (3i + ttn, m e N, |a„| < — , 

nP 

and 

(248) ne = mi + (32 + bn, mi e Z, |6„| < ^, 

nP 

then, 

(odQ) ^g(g"^^)(g; 9)00 (2- ifl^'^i ■a)+r f(n\7) 

arid 

(250) 

|r.,(n|7)| < 5403 (1.1"^^'^^; 9) |^^^^^^ + kl^" g^-^^'^-^)^-'' + ^ + ^ 

/or n sufficiently large. 
In the following corollaries, we let 

(251) z := e^'^", u G R. 
Corollary 3.1. Assume that 

(252) <a<^, neN, g = exp(— Trn""), 

we ftawe ifte following results for Aq{z): 

(1) Assume that t > 0, we have 

(253) Ag{exp 27r(u - n^-^r)) = 1 + O (n" exp(-27rTni-°)) 

/or n sufficiently large. 

(2) Assume that t < 0, if for some fixed real number X, there are infinitely 
many m and n > such that 

(254) - nr = m + A, m e N. 
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Then, 

(255) Ag (c^j) {2Tr{u ~ n^-'^T))) 

V2exp{7rn-"(n"M-Tn)2} {cos7r(n"?i + A) + ©(e'^™")} 
(_l)™+Aexp{-H_l + i^} 

as n sufficiently large. 
Similarly, we have the following: 
Corollary 3.2. Assume that 

(256) q = exp( — ), n > 2, 7 > 0, 

7logn 

we have the following results for Aq{z): 

(1) Assume that r > 0, we have 

(257) A,(exp2.(„--^)) =, + o(l„g„exp(-i=L)) 

for n sufficiently large. 

(2) Assume that r < and for some fixed real number X, there are infinitely 
many m and n > such that 

(258) - nr = m + A, m e N. 
Then, 

I I TVT 

(259) Aq exp 27r M - 



7logn 



v/2 



exp {cos7r(n7logn + A) + ^(n-^-^)} 

(„l)-+A„-7/12exp(5^) 



/or n sufficiently large. 
(3) Assume that t < 0, if for some fixed real numbers P, p > and A there 
exist infinitely many positive integers n such that 

(260) -nr = m + /3 + a„, |a„| < — , m e N, 

i/«en /or eac/i of such n, we have 

TIT 



(261) exp27r u- 



7logn 



exp ( -("-riogn-r»)- -| {cos7r(u7logn + /?) + 0(n-8^/9 logn)} 



(_l)™„p/27exp(^^ 
/or n sufficiently large, where 
(262) 7=9^. 
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3.1.1. Proof for Theorem \4-l\ Assume that r < and 

(263) — nr = m + c„, m G N, n0 = mi + d„, mi G Z, 
then, 

OO ^2 

(264) ^5(<z""z) = ^ (_ze2"™^g2nr-)fe 

= Sl + S2- 

Reverse summation order in Si, 

(265) (_^^J^Z2nr,„, = E.'=^(-g^-.-e--")'^e(fc,n), 

^ ' ^ fc=0 

where 

(9;9)oo 



(266) e{k,n) 



{q\q)m-k 
then 

(267) |e(fc,n)|<l 
for < fc < m. From Lemma [TTT] we have 



(268) |e(A:,n) - 1| = |ri (g;m- fc)| < 



l-q 



for < fc < fc„ — 1 and n sufHciently large. 

We shift the summation index from fc to fc + m in S2 , 

(269) (_,,JS)1^:W..„) - f:.^^(-^g-^-"e^-"")V(fc,»), 



fc=l 



where 



(270) /(fc,n)- 



(9; <?)m+fc ' 

thus, 

(271) |/(fc,n)|<l, 
and 

(272) |/(fc,n)-l| = |ri(g;m + fc)| < 



l-q 



for fc e N and n sufficiently large. The rest are very similar to the corresponding 
proofs for Eq{z). 
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3.2. Proofs for Corollary [STTl Notice that 

(273) -V = ^"P(""°/6-""'°/^4) r ^(^-w^l 

and 

(274) {z~^q^^;q) = e^ui + iXn-^ln-^i) 



6*2 (n^u + A I 



= 2Vn"exp <^ — i 

\ 4 

X cos7rKu + A){l + C'(e-2''«°)|, 

and 

(275) 03 (|z|-l<72A. ^ ^ ^.^-a|^-a 

, f 7r(n"M + A)2] ^ , a-N 

n"^ exp <^ — \ 6*3 (n^'u + A n^i) 



' n°- exp 



7r(n''M + A) 



|{l + 0(e-'^"")}, 



The rest of the proof for this corollary are very similar to the Eq{z) case. 
3.3. Proof for Corollary [3T2l Observe that 

(276) ^ = "^"^"^ {1 + , 

and 

(277) e^{z-\^^-q) = BJui + i ^ 



7 log n 7 log n 



/—^ / 7r(M7 log n + A)^ \ , , , , . , 

•v/ 7 log n exp 0^ [u-f log n + A | «7 lo 

V 7 log n J 

V 7logn J 



and 



(278) ei{z-\^^;q):^eiiui + i ^ 



7 log n 7 log n ^ 

\/ 7 log n exp | ^(^"^^^S" + j 0^(u'ylogn + A I i7lo 
V 7log»^ / 

2n--/4v/:^exp("("^^°S" + ^)" 



7 log n 

X cos7r(M7logn + A) {1 + 0(71^2'''^)} 
as 71 oo. The rest of proof is similar to the proof for Eq{z) case. 
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4. g-BESSEL Function of Second Kind 

7(2), 



Jackson's g-Bessel function of second kind (z; q) is defined as 
(279) 



k=0 



In this chapter, we always assume that ly > —1. Clearly, 



(280) 
and 
(281) 



4^\z;q) 



4'\^;q) 



< 



{q;q)c 



4(1-9) 



for any complex number z. 

For any nonzero complex number z, (|223p implies 



(282) 4')(z;g) 



log2 (|z|'g74 



2 log (J 



4.1. Asymptotics for (-s;^) . From (|267p we have 



J^^^(2g"^--/2z;g)(g;g), 



(283) 
Let 

284 s = T+- , T,e£ 

logg 

then for any complex number z we have 

J^'^(2g"^-"/^z;g)(g;g)oo 



(285) 



_ _ 9 {^q 2: e j 



(9, g"+^(z)fe 



Theorem. For any nonzero complex number z, let 



(286) 



Jn = 



log n 



-\ogq 

we have the following for the function J^\z; q): 
(1) When T > we have 



(287) 



(288) 



j(^\2q^-'-/^z;q){q;qU 



(r+^g)oo (g"^-''/2z; 



— = 1 + r,f,(n|l), 



and 



< NPexp(|zP,^-+V(l-,)) 

(i-'?)(9^+i;<?)oo ' • 
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(2) Assume that r = 0. If for some fixed real numbers (3 and p > 1 there are 
infinitely many positive integers n such that 

(289) ne = m + (3 + b„, |6„| < — , m e Z, 

nP 

then 
and 

(291) v(n|3)| < 24exp(g|^|V(l " «)) | ^ + -J (f^^' 

/or n sufficiently large. 

(3) Assume that r < 0. // /or some fixed real numbers A and Ai there are 
infinitely many positive integers n such that 

(292) -nT = m + X, m e N, n6 = mi + Xi, mi e Z, 

then, 

(293) J'^'f^rl ^ = ^4 ; q) + r^A), 



and 

(1 - Q) \Z 



(294) |r^,(n|4)|<12^3(|^|-V^«)|^^+ ^^.^fe, 

/or n sufficiently large. 
(4) Assume that r < 0. If for some fixed real numbers (3, A and p > 1 i/«ere 

eMsi infinitely many positive integers n such that 

(295) -nT = m + A, m G N, n9 = mi+/3 + bn, |6„| < mi G Z, 
iften, 

7"^2) (n„ns-v/2 „^2 „-n7rie(2m+i') 

(296) ^V^l ^,9) 9,g)ooe ^ q ,-2 2X^-2.ip x (^|5) 

^ ' (_]\m^i/+2mqm{2nT+m)+nvT—v^/2 *V ^ ' ^/ '^J ^ I 

and 

(297) 



(1 - q) nP 



r./(n|5)| < 4803 {\z\-\^\q) + 1^1'^" g^""'^^' 



/or n sufficiently large. 
(5) Assume that r < 0. If for some fixed real numbers 13, A and p > 1 i/«ere 
exist infinitely many positive integers n such that 

(298) —nT = m + p + an, m G N, |a„| < n0 = mi + A mi G Z, 



then. 



(299) '^/.^ ^2 r2 ^ = 0,{q^^z-^e-^-^^; q) + r,,(n|6), 
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and 

(300) 

for n sufficiently large. 
(6) Assume that r < 0. If for some fixed real numbers j3i, P2 and p > there 
exist infinitely many positive integers n such that 

(301) -nr = m + /3 + a„, m e N, |a„| < — , 
and 

(302) n(9 = mi + /3 + 6„, mi e Z, \bn\ < ^■ 
Then, 

(303) ^/'^^L =^4(g^'^^^-^e-2-'^-g)+r,,(n|7), 

and 

(304) 

|r,,(n|7)| < 1560s{q'^^\zr;q) | ' + \zf^-/^-'(^^+^^^^ + J_ + ^ 

/or n sufficiently large. 
In the following corollaries we let 

(305) z := e''", ueR. 
Corollary 4.1. Assume that 

(306) g = exp(-n""7r), 0<a<^, neN, 

we ftawe the following results for J^\z; q): 
(1) Assume that r > 0, we have 

(307) 42^(2exp7r(M - rn^"" + z/n-"/2); exp(-n-"7r)) 

n"'' exp(7r!/u - TTrn^-" + v'^n-°-K/2) ( 1 



0(1) 



{277^ ir(i/ + i) 

/or n sufficiently large. 
(2) Assume that r < anrf /or some fixed real number X there are infinitely 
many positive integers n such that 

(308) - nr = m + A, m e N. 
Then 

(309) 42)(2exp7r(w - rn^"' + z/n-'^/2); exp(-n-''7r)) 

= (;^^(«"« + - rnf + — + — — j 

X (-l)^+"^n-" {cos7r(n«w + A) + 0(e-2'^"°)} 
/or n sufficiently large. 
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Similarly, we have the following: 
Corollary 4.2. Assume that 

(310) g = exp( -^), n>2, 7 > 0, 

7 log n 

we have the following results for Jl {z; q): 
(1) Assume that t > 0, we have 

(311) Ue^pn (u - + T-^—) ; cxp 

\ V 7 iog n 2-f log n J 



7logn 



, ni/'^ imvT \ f 1 , 
exp I TTvu + — j I < — — + o(l) 



7logn/ \ 27 log n 7logn/ |^r(!/+l) 

for n sufficiently large. 
(2) Assume that t < and for some fixed real number A there are infinitely 
many positive integers n such that 

(312) -nT = m + X, m e N, 
then, 

(313) 4^) f2exp. (u-^ + ;exp (-^)) 

\ V 7 log n 27 log nj \ 7 log nj J 

{ 7r(u7 log n — nr + 1^/2)^ tt v'^tt 1 

7logn 127 log n 47 log n J 

(-l)'-+'\r ''/12 



■v/7logn 



{cos7r(7Mlogn + A) + 0(n-2''^)} 



/or n sufficiently large. 
(3) Assume that t < 0, i/ /or some /za;e(i real numbers (3, p > 1 and A there 
exist infinitely many positive integers n such that 

(314) -nr = m + /3 + a„, |a„| < — , m e N, 

(315) ("2 exp TT f w - + ; exp (- 
\ \ 7logn 27logny V 

7r(u7 log n — nr + z^/2)^ 

= exp ' 



TT 



7logn 



7logn 127 log n 47 log n 

X ^ / jcos7r(7Mlogn + A) + 0(n-^^/^)|, 

V7 log n J 

/or n sufficiently large, where 
(316) 7=g. 
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4.2. Proofs for Theorem 14. IL Assume that t < and 

(317) — nr = m + c„, me N, n9 = mi + d„, mi € Z, 

then, 

(318) 

ji'^(2g"^-''/2z;g)(g;g)oo_ _ ^ ^fc^ (_g2nr^2g2n^ie)fe 



m 



q ( —q z e ) q (—q z e ) 

{q,q''+^;q)k iq,q''+^;q)k 



k=0 ' ' k=m+l 

= Si + S2 

and reverse summation order in si, 



(319) yq^q ^'^>°^;\ ^ V q' i-q'^" z-^e-^-^- )'=e(fc, n) 

^ ' ^ k=0 

with 

(320) e(fc, n) = (r-'=+\ 9"+^+"-'=; g)oo, 
then 

(321) |e(fc,n)|<l 
for < k < m. We also have 

(322) |e(fc,n)_l| < 

for < fc < fc„ — 1 and n sufHciently large. This could be seen by expanding 

(323) e{k,n) - 1 = {ri [q-m-k) + 1} {ri {q^+^-m-k) + 1} - 1 

and estimating each terms by Lemma l|l.ip to obtain 
We shift the summation index from fc to A: + m in S2 , 

IO^A\ yi'^ ,<ZjooS2 fc2 2 -2c„ 2irid„\kr/, 

(324) ^_^2^2.^n9)m m(2nr+rn} ^1^1 ^ 1 ^ ")/(^,^), 

^ / ^ fc— 1 

and 

(325) f{k,n) = (9'"+'=+\g''+i+'"+^g)oo. 
Thus, 

(326) \f{k,n)\<l 
for fc e N. Expand 

(327) /(fc, n) - 1 = {n {q; m + fc) + 1} {n (q^+l; m + fc) + l} - 1, 
and estimate each term by Lemma (|l.ip to obtain 

(328) |/(fc,n)-l|<^ 

for fc e N and n sufficiently large. The rest of proof is similar to the corresponding 
proof for Eq{z). 
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4.3. Proofs for Corollary [HH The g-Gamma function is defined as p[9l fT3l[20] 

(329) r,(x) = /|%(i-9)^-^ xec. 

It is a g- analogue of T{x), 

(330) limr„(a;) = r(x). 
Thus 

(g-+^g)oo(l-g)- 1 

(331) -, ^ = —, — — -+o(l 

{q;q)oo r(z/ + i) 

as n sufficiently large. 
We also have 

(332) ei{z-^q^^;q) = 0i{ui + An-"i|n-"i) 

= Vn^exp—in^u + A)^02 + A I n^i) 

= 2V^exp(^ — (n'^u + A)2- — 
x cos7r(n°u + A) |l + ©(g-^™")! , 

and 

(333) 03 (|z|-2g2A. ^ ^ An""z|n-"z) 

= Vn" exp — (n°u + A)^6'3 {n°'u + A I n°j) 
= ^/^ exp — (n'^ii + A)2 ( 1 + ©(e"'^"" ) | 

as n 00. The rest of the proof is similar to corresponding proof for Eq(z) case. 

4.4. Proof for Corollary [4T2l Notice that 

1 n 



(334) 



(9; 9)00 ,/27I^exp(5^) 
and 

(335) 04(2"'g'^;g) = 04 ' * 



7 log n 7 log n 

^-j 7r(M7logn + A)^ , \ i ■ i ^ 

\/7lognexp O2 {"iuiogn + A | 17 log n) 

7logn 



2n '^'^1^^^ lognexp ^ 



7r(it7 logn + A) 



7logn 

X cos7r(7ulogn + A) {l + ©(n^^'"'')} 
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and 

iX 



(336) e3{z-\^^;q)^d3[ui + 



7 log n 7 log n 

^-j 7r(M7logn + A)2 , x i ■ , ^ 

= \'j lognexp 6^3 (7uiog7i + A 17 log n) 

7logn 



7r(M7 logn + A) 



2 



= VTlog^exp ^ ' ° + ^)} 

7logn ^ 

as n — > 00, and the rest of the proof is similar to the corresponding proof for Eq{z). 

5. Ismail-Masson Orthogonal Polynomials 
Ismail-Masson polynomials {hn{x\q)}'^^Q are defined as [13] 

(337) K{sinH\q) = J2 ^ , V • 

Ismail-Masson polynomials come from an indeterminate moment problem. Ismail- 
Masson orthogonal polynomials satisfy the following orthogonality 



(338) / h^{x\q)h,,{x\q)w,„,{x)dx = q-"^''+^^/\q;q)„S„^,n, 

<y —oQ 

where 

339 ■=q' \ exp ^ L . 

V TTlogq \^ \ogq j 

The corresponding orthonormal Ismail-Masson functions are given by 
(340) K{x\\q) := g«("+i)/4y^!p^/,„(^|^). 

Let 



341 s=^— + i- , sinh6. :=^^ ' r, e M, 

2 log q 2 

for any nonzero complex number z, then 
.042-) fen(sinh^„|g) ^ q^'' {q\ q)„e 



Obviously, 

(343) |/.„(smh6.|g)| < ^ g»-(r+l/2) 

or 

(344) I K (smh C„ I g) I < o„2^^,1/o^2 cxp 
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5.1. Asymptotic Formulas For Ismail-Masson Polynomials. 

Theorem 5.1. Given any nonzero complex number z, let s and ^„ be defined as 
in (|340l) and 

logn J .((''' + 1)'^ 



(345) 



logg- 



we have the following results for Ismail-Masson polynomials: 
(1) Assume that r > 0, we have 

(sinh^„|(7) 



(346) 



1 + ri„(n|l), 



(347) 



|rim(n|l)| < 



exp 



(g2™+i/(|z|2(i_5))) 

V / 2rn+l 



i^r(i-9) 

(2) Assume that r = 0. ///or ant/ /ia;erf rea/ number A t/iere are infinitely many 
positive integers n such that 



(348) 



(349) 



(350) 



then, 



and 



nO — m + X, m e Z, 
(sinh^„|g) _ 

~, — -^a 



rim{n\2) 



|r™(n|2)| < 6 



V2 , 1. 



ln/2\' 



b|2L"/2j 



for n is sufficiently large. 
(3) Assume that t = 0. If for fixed real numbers (3 and p > I there are infinitely 
positive integers n such that 



(351) 



(352) 



n9 = m + /3 + bn l&nl < — , m G Z, 

nP 



then, 



and 



27ri/3 



/i„(sinh^„|g) _ / e 



(353) |e„„(n|3)| < 24cxp 



eim(n|3), 



logn (|^|2(g-l _ ;l))-j„ 



|zni-g) I { nP l-q 



for n sufficiently large. 
(4) Assume that — | < r < 0. If for some fixed real numbers A and Ai there 
are infinite number of positive integers n such that 

(354) — nr = TO + A, to G N, n0 = toi + Ai, toi G Z, 
then, 

^—ri^ s+m{2rn+m) 

(355) ;i„(sinhe„|(7) = 7 , , , ^x^a ^" (z'g'^e-^-^- g) + r„„(n|4)} , 
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and 

(356) 

\rim{n\A)\ < 28^3 {\z\\^^;q) |^ + |^|2'=ng4+2A/=„ + |^|-2fe„gfeJ-2A/=„ | _ 

for n sufficiently large. 
(5) Assume that — | < r < 0. If for some fixed real numbers (3, A and p > 1 
i/«ere are infinitely many positive integers n such that 

(357) nO = mi+ p + bn, < — , mi e Z, -nr = m + A, m e N, 



then. 



^—71^ s+ra{2Tn+ra) 



(358) ft„(sinh^„|g) = ^_ J^,^.,,,^^^^. {^4 (^^g^^e'^/^'^^ g) + r,„(n|5)} , 
and 

(359) 



|2g2A.^^ ||,|-2j„„ji;-2Ai„ J. |,|2j„„ji;+2Ai„ , , log"- 

for n sufficiently large. 



q nP 



(6) Assume that —\ < r < 0. If for fixed real numbers (3, A and p > 1 there 
are infinitely many positive integers n such that 

(360) — nr = m + /3 + a„, |a„| < — , m e N, n6 = mi+X, mi G Z, 
then, 

(361) /.„(sinh^„|g) = ^_^l^_,^e.i)^^q.^q^^ [O, (.^g^^e-^^^^ g) + r,„(n|6)} , 
and 

(362) 

< Ue.ilzlV'iq) + + |^P^"g^"+^(''-^)^" + l^j-^^-g^^" 

for n sufficiently large. 

(7) Assume that — ^ < r < 0. If for fixed real numbers f3i, P2 and p > there 
are infinitely many positive integers n such that 

(363) — rn = m + (3i + ttn, |a„| < — , m e N, 

nP 

and 

(364) ne = mi + (32 + bn, |6„| < ^, mi e Z. 

nP 



Th 



en, 



s-\-7n(2rn-\-7n) 

(365) hr^ismHnk) = ^_X-^ne.i^rn^q.^q)^ {zV'^ 6-^''^-, q) + rUn\7)} , 
and 

(366) 

|r^™(n|7)i < 54^3(krg''^^;g) + rr-q + \z\''-q''-+'^^^-'^'- + \z\-^^r.qjl-^(0^+i)jn^ 
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for n sufficiently 
In the following corollaries we assume that 

(367) z = e™, w e M. 
If we let 

(368) gr = exp(-n~°7r), < a < i, n e N, 
then we have the following results for Ismail-Masson polynomials: 
Corollary 5.2. (1) Ifr > 0, then, 

(369) hn (sinhTT (u + (r + 1/2)71^-") \ cxp(-7rn"")) 

= exp(n7rw + (r + 1/2)7^^-'^) {l + 0(6"''''"°)} , 

and 

(370) hn (sinh 7r(u + (r + l/2)n^~'') || exp(-7m-°)) 

^ 1 cxp(~n-V(n°u + Tn)^) r 

Vtt exp (Sni-'^ + n-"^ - n'') I ^ ') 

as n —> oo. 

(2) Assume that — | < r < anrf /or some fixed real number A iftere are 
infinitely many positive integers n such that 

(371) -nT = m + X, m e N, 
then, 

(372) (sinh tt{u+{t + l/2)n^-") | exp(-7rn-")) 

(^-lyn+x^ ^cosn{n''u ~ \) + Oie-^''"''' )} 
exp {-nn-'^in'^u + (r + l/2)n)2 - + 2^ + ' 

and 

(373) /i„ (sinh7r(u + (r + l/2)ni"")|| cxp(-7m-°)) 
f2"(_i)rn+A |cos7r(n'^M - A) + 0(6-2^"°)} 



exp{iii^ + 2i^} 



as n —> oo. 
If we choose that 

(374) q = exp ( ^ ) , n>2, 

then we have the following: 

Corollary 5.3. (1) 7/t > 0, then we have 

(375) h„ (sinhTT (u + + ^2)^ , | 



7logn y \ 7logn 

+ 1/2) 
7logn 



(t + l/2)n-^ 

= expTT ( nu H ) {1 + O (exp(— 27rTn/(7logn))} . 
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(376) h„ ( sinhTT { u + '^'^ + J || exp 



7logn / \ 7logn^ 

{1 + 0{n-'^''^)} 



^7^12 exp (- ^i^(w7 log n + nT)2) 



^^P y 4^ log n ^ 127 log n J 

for n sufficiently large. 
(2) Assume that — ^ < r < and for some fixed real number A there are 
infinitely many m and n > such that 

(377) - nr = m + A, m e N. 
Then, 

(378) /i„ (sinhTT ( u + illiZ^ ) | exp ( 

V V 7logn J V 7logn 

_ ^exp(;^(w7logn+(r + l/2)n)2) 

- (_l)A+.n„.7/12exp(5^-3^||I7 

X {cos7r(«7logn-A) + 0(n-^''T)}, 



anfl 



(379) /i„ f SinhTT + (^ + V2)n \ 

\ \ 7logn / \ 7logn 

2"{cosTT(u7logn - A) + 0{n-'^'^'^)} 

TT (-1)>'+-^" 6^P(87logn + 47'logn) 

/or n sufficiently large. 
(3) Assume that — ^ < r < 0, j//or some /za;ed reaZ numbers P, p > 1 and A 
iftere ea;«si infinitely many positive integers n such that 

(380) -nr = m + /3 + a„, |a„| < — , m e N, 
arid /ei 

(381) -<'t. 
then, 

(382) /i„ ( sinhTT \u+ 1L±1Z^ ) I exp 



7logn 

_ V2exp(^(7i7logn + (T + l/2)n)2) 

(_l)n.Wl2exp(,3-^-3^^jir 

X |cosTT(u7logn - /?) + e'(n"*''/^ log^ n)| , 
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hn sinhvr 



(T + l/2)n 
7 log n 



exp 



7logn 



2 {cos7r(u7logn - (3) + 0{n~^P/^ log^ n)} 



(383) 



TT (-1)™ exp( ^ J' + , T ) 

\ ! ^Vg-ylogn 47 log 

/or n sufficiently large. 

5.2. Proof For Theorem 15. IL In first three proofs we have used the following 
inequalities 



(384) 

for < k < n and 
(385) 



0<-iM)!^<l 



(<?; q)n- 



(9; q)n 



1 



< 



6q 



l+n/2 



{q]q)n-k 

for < fc < [^J — 1 and n sufficiently large. This can be seen by applying Lemma 

o 

(386) A^l^hL. _ 1 = {r,{q; n - fc) + 1} {r^iq; n) + 1} - 1. 

W Qjn-k 

Assume that 

(387) — rn = m + c„, m S N, n0 = mi + dn, rrii S Z, 
then, 



/ggg-) /t„(sinh„ \q) ^ 9 (?; '7)ne' 



fe=0 



iq'-,q)kiq;q)n-k \ z 



E 



{q;q)k{q;q)n-k 



k=0 
= Si+ 32- 

We reverse the summation order in si to obtain 

si(<7;g)oo(-z2e-2"^"0" — 



k^+l il-^<l)'^il-:l)n-k 



2nk97vi / q^'^^^ ^ ^ 



(389) 

and 
(390) 



,jm(2m+m) 



2 2c„ -2iri(i„ 



) e(fc,n), 



fe=0 



e(fc, n) 



(9; '?)oo('7; g)n 



{q;q)m-kiq;q) 
|e(fc,n)| < 1 



It is clear that 
(391) 

for < fc < m. Expand 

(392) e(fc, n)-l = {rz (<?; n) + 1} {ri {q; m - k) + 1} {n {q;n - m + k) + 1} - 1 
and estimate each term by Lemma [LT] to get 



(393) 



|e(fc",n)-l| < 



1-9 



for < fc < fc„ — 1 and n sufficiently large. 
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In sum S2 we shift summation index from fc to A: + m to get 

^ fc=i 

and 

(395) nk,n)^ (g;g)oo(g;g)n |/(fc,„)|<l, 
for 1 < fc < n — m. Apply Lemma flTT] to each term of 

(396) /(fc, n) - 1 = {r2 {q; n) + 1} {n (q; m + k) + 1} {n {q;n - m - k) + 1} - 1, 
to obtain 

(397) |/(fc,n)-l| 
for 1 < fc < fc„ — 1 for 71 sufHciently large. 
5.2.1. Proof for case 1. If we write 

(398) /.»(sinhU,) ^^^^^ 

znq~n s 

then 

(399) n™(n|l) = 5: ('^'f-^, V 

^ (q;q)k{q;q)n-~k \ 

Thus 
(400) 

/ \ k / \ k / 



exp 



VI^IV "^1^- V 1^1' (1-9)7 "1^1' (1-9) V 1^1' (1-9) 



5.2.2. Proof for case 2. We have 
(401) 

/l„(sinhe„|g) ^ q'^" ( e2^"\'^ (q;g). 



1 {q;q)k \ ) {q;q)n-k 

°° „k^ / ^2\Tri \ °° „k^ / ^2\7Ti 

toii-^<ih\ ; .jfr/2j(9;9)^- 

^"y-'' g^" / e^^-y f (g;g)„ 1 ^ " ^ / Jq^g)^ 
^0 (9; 9)fc V / I (9; 9)«-fe J (9; q)k \ J (<z; g)n-A 



= ( ) + Si + S2 + S3. 

Then, 



00 



(402) |si + S3|<2 J2 



q''' 1 V < 29L"/2J"a,(-|z|-2) 



..Ln/2j('^''^)^- VI-lV ^ (9;9)oo|.pL"/^J ' 
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and 



6q- 



1/2 



(403) < Yr^M-\z\-'). 

for n sufficiently large. 
Let 

(404) ri„(n|2) = si + S2 + S3, 
then, 

and 

(406) |,.„(„|„|<eii(±L!)|,-/..jl"'^J' 



5.2.3. Proof for case 3. In this case we have 
(407) 

/tn (sinhg„|g) ^ g'^' e^'^*'^^'' (9;g)„e 



fe=0 



Then, 



(408) |si+s4|<2 V ViiL< 2 ] exp(^^^ 



fe=j 

Given a positive number p, since that 

n nP 

(409) l<Jn<2. ^n<^ 
for n sufficiently large, clearly, 

(410) k2|<-^ exp 



l-q^- \\z\\l-q))' 
and 

(411) |S3| < ^e--/"" V < exp f ^ 

{q;q), " ^^1^1(1-9). 

Let 

(412) eim(n|3) = si + S2 + S3 + S4, 
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then 



and 



for n sufficiently large. 

5.2.4. Proof for case 4- Observe that 
(415) 

„m(2Tn+m) — ^ -« ^ t, j 

^ fe=0 
oo kj^ — l 

- ^ + ^ g'^' (e(fc,n) - 1) 

m CO 
k=k„ k=0 

Then, 

fe 



(416) \s,,+s,,\<2j2 9''{\^\"9'') <2|.|2H'^^+2^'="E«''(N'«'' 

fe=/Sn ' " 

<2^3 (kl'?'^ I 9)1^1"=" 9' 



fe=/s„ fc=0 



and 



(417) < ^Eg'^^d^lV')'^ < 14^3 (\z\'q'\q) ^ 

^ k=0 ^ 

for n sufficiently large. 
Let 

(418) ri(n) = sii + S12 + Si3, 
then, 

^ fe=0 



(420) |ri(n)| < M^g | |^|2'="gfc^+2Afe. + ^| 

for n sufficiently large. 
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Similarly, 
(421) 

„m{2Tn+m) - 2^1 \ ^ 1 « ; 

^ fe=l 

- E ^'^^ (-^-'^"'^e^-^^O'' + ^ g'^' (-^-2g-2Ae2-*^i)'= (/(fc,n) - 1) 
fe=fe„ fe=i 

n—m — 1 

k—kn k= — oo 

Then, 



(422) |S21 + S23| < 2 E (l^r' <1~^^) < ^Hl^W^; q) 

k=k„ ' ' 

and 

(423) |S22| < ^^g'^^-^A/oi^l-s. < ues{\zW^;q)^. 

^ fe=0 ^ 

for n sufficiently large. 
Let 

(424) r2(n) = S21 + S22 + S23, 
then, 

fc= — OO 

and 



(426) \r2{n)\<lW^(\z\\^^;q)U 



q \z\'^''" 



for n sufficiently large. 
Thus, 

with 



(428) |ri„(n|4)| < 28^3 (\z\^ q^^;q) + 1^1"'" 



+2Afe„ _|_ |^|-2fe„^fc„-2Afe„ 



for n sufficiently large. 
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5.2.5. Proof for case 5. In this case we have 
(429) 



gm(2m+m) 



oo 



k=0 k=j„ 

+ qk' (_^2^2Ag-2.i/3)'= |g-2fc.*„ _ i} +'|^ {-zV^e-^^'^f e-^^^-*" {e(fc, n) - 1} 

fe=0 fc=0 
m oo 
_i_ \ " ^2„2A^-27ri/3\'= ^-2fe7ri6„^/7, „\ _ \^ I ^2 „2\ ^-2ml3\^ ,„ ,„ ,„ 

Then, 



(430) |sii +S14I < 2 ^ < 2^3(kPg'^ I 5)|-zp^"g^"+^^^". 
For sufSciently large n, 

(431) \s,2\ <^f2q''+^''\zr < 240s{\zW I 9)-°^'' 



fe=o 



and 



(432) |S13| < ^ £ 5'=^+2A'=|^|2fe < 14e3(|^|2g2A | 

^ fe=0 ^ 

Let 

(433) ri(n) = sii + S12 + si3 + si4, 
then, 

(434) ^ = E'^'^ (-.^.-e— +n(n), 
and 

(435) \ri{n)\<2403{\z\'q'^\q){\z\'^"q 
for n sufficiently large. 



2„2A I J |^|2,„„,-+2A,„ ^ logn 

1-q nP 
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Similarly, 
(436) 

^2^-2nevi\m "-™ 



fc=i 

oo 



fc=l k—jn 

+ ^21"'' {-z-^q-^^e^^^f {e^"^''" - l} {-^-^q-^^^P^f e^'^^'"" {f{k,n) - 1} 
k=l k=l 

n—m — 1 

+ E i-z-'q-^'e'^-f e'^-^'-fik, n) = ^ q'' {^zV'^'^'-'f + S21 + S22 + S23 + ^24, 

k=jn k=—oo 

then 

(437) |s2i + S24| < 2 ^ < 2^3(1^1 V^ 9) VpT^- 
For sufSciently large n 

(438) |S22| <^f2q>''-^''\z\-'' < 2Ae,{\zW\q)^°^'' 



and 



nP ^ ' ' ~ ' ' nP 

k=0 



J. 00 ^ 

^" „fe^-2Afci |-2fe ^ 1 ^/i /I |2 2A. „\ 9" 



(439) |.23| < l^^Y.^^'-^^%\-^^ < U9s{\zW\q)j 

for n sufficiently large. 
Let 

(440) r2(n) = S21 + S22 + S23 + S24, 
then, 

fe=— 00 

and 

(442) |..(„)| < 24«3(W^,»;,) + ^ + 

for n sufficiently large. 
Thus, 

(443) '-'-'":r:^:g^tf"'°° - (^^."-«- ,) . ..„(„i5,, 

and 

(444) \rUnM < 48^3(Nr«'^«) |^^^ + kr^'*9^"+''^'- + ^ + ^ 
for sufSciently large n. 
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5.2.6. Proof for case 6. Observe that 
(445) 

si(<z;g)oo(-^'e-2»«-)" — 



qm{2Tn-\-m) 

k 1.2 , 9 9/3 _r>^i\\k 



n 



k=0 

oo 



+ ''^ qk' (_^2^2/3g-2«A^'= |^2fta„ _ l} + g'^^' (-^ V^g-^-^) %2fca„ ^) _ 

Since 

(446) |g2fc«n|<g-2fc 
for < fc < n, then, 

00 

(447) + S14| < 2 ^ «'='(|^|2g2/3-2)fc < 2^3(|^|252/3.^)|^|2,„^,= +2(/3-lb„. 

For n sufficiently large we have 

(448) - 1| < Ig^*'"" I < 3 
for < fc < jn — 1, then, 

(449) |,,2|<6^3(k|V^;9)^, 
and 

(450) \s,,\<3es{\zW^;q)^ 



q 



Thus, 



^ fe=0 



and 



(452) |ri(n)| < e^ad^pc/^'^; g) + + l^r^"9^'^+'(^-''^" } 



for n sufficiently large. 
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Similarly, 

(453) 

71) 

k=l 



" I 1 



k= — 00 k=jn 



fc=l 

n—rn —1 



+ E {-z-\-^f'e'^^fq-^''^-f{k, n)= q^' {-z\^P e-^^^^)" + s,, + S22 + ^23 + ^24- 

k=jn k=—oo 

Then, 

(454) |S21 +S24I < 2 £ g'='(|0|-2g-2/3-2)fe < 2^3(|-2p9'''; 9)Nr'^'''9^"-'(''+'^^". 
For n sufficiently large, 

(455) |,,2|<6^3(klV^;9)^, 
and 

(456) |s23|<303(klV;g)^. 

Therefore, 



^m(2rn+m) 

fe=— 00 



and 



(458) \r,{n)\ < 6es{\zW;q) ji^ + ^ 



for n sufficiently large. 
Hence, 

and 
(460) 



(n|6)| < 12^3(kr5''';g) + ^ + |^|2^"^^S+2(/3-lb. + |^|-2j„^^--2(/3+lb„| 

[ n'' 1 — 5 J 



for n sufficiently large. 
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5.2.7. Proof for case 7. In this case we have 
(461) 

fe=0 fc=jn 

fc=0 fc=0 

+ ^ ^fc^ (_^2^2ftg-2.^/3,^fcg-2fe.^^,„^2fea„ ^^^^^ " 1} + ^ (-z2g2ft e-2^^/3. ) g-2fc.zfc„ ^2fea„ ^^^^ ^) 

k=0 k=jn 

oo 

(t" {-Z^<f'^'er^''''^''f + Sii + Si2 + Sl3 + Sl4 + Si5. 

J n 



fc=0 

Then, 



(462) ^i^^^^^fcS^ =1:.'=^ (-.V'^e— ^^)%.,(n), 

^ fe=o 

and 

(463) |ri(n)| < 279s{\zW^^;q) + + |^r^"<Z^-^+^(^-^)^" } 

n sufficiently large. 
Similarly, 



(464) 

^ fc=l 

= ^ (-zV^^e-^/^^")'- g'^' (-z-V'^e^'^^-y^ 

fe= — oo k=jn 

+ ^ ^fc' ^_^-2g-2/3ig2/32«^fe |g2fc^^b„ _ l} + ^ ^_^-2^-2ft ^2/32^*^ ^ g2fc«6„ |g-2fca„ _ 

k=l fc=l 

jn~^ n—m 

+ J2 (_^-2^-2/3ig2/3.«^feg2fc.^6„^-2/ca„ ^) " 1} + ^ q"' {- q-'^^ c'^'^f e^""^'"" q-^""^" f {k, Tl) 

k=l k=jn 
= E 9''HV''^e""'^")'+521+S22+523+524 + S25. 

fe= — CX) 

Thus, 

(465) ^^^^^^^;ir„';:r'"^"^ = E ^'^^ (-V^^e-Z^-r +r2(n), 

fc= — OO 
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and 

(466) Ir^HI < 2ie^{\z\\^^^-,q) (1^ + ^ + |^p2,„^,--2(;3,+i),„ 

for n sufficiently large. 
Therefore, 

(467) ^ng-n^s+m(2r»+rn) = ^^^^ ? ^ ''^ q) + (n| 7) , 

and 
(468) 

|r.™(n|7)| < 54^3(k|\''=*^;g) |^ + + + Izr^^-g^-^-^lft+D.. | 

For n sufficiently large. 

5.3. Proof for Corollary 15. 2L In this case we have, 

(469) Xn{u) = sinh^„ = sinhTr (u + (r + l/2)n^"") , 
and 

\/1n°' { 'nr°"K 2I 

(470) w„„(x„(w)) = exp<^ ^ 2n"7r (li + (r + l/2)ni-'') L 

From Lemma [LT] and Lemma [1^21 to get 

(471) ^ ^ ^i(g;») + l ^ exp(7rnV6 - 7rn-V24) r ^ ^ -4^™" n 1 
as n ^ 00, thus, 

^„(„.,.4^S^M . exp {-n-.(n-. + (r + l/2)n)^ + ^ - ^ - } 

X 11 + 0(6-*™")} 

as n ^ cx) . 

5.3.1. Proo/ 0/ case 1. Observe that 

(473) ^n^-«^(r+i/2) ^ exp(n7ru + (r + 1/2)7^2--^), 
then formulas p44p and p45p imply 

(474) /i„ (sinhTT (u + (r + 1/2)^1"'^) | exp(-7m"°)) 

= exp(n7ru + (r + 1/2)7^^-'') |l + ©(e-*™")} , 

and 

(475) hn (sinh 7r(M + (r + 1/2)71*"'') || exp(-7rn"'')) 

1 exp (^—n^"-TT{n°'u + Tn)^^ 



exp ^ (Sni-'' + n"" - n°) 



:^|i + o(e--"")} 

" - n°) I i 



as 71 00. 
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5.3.2. Proof for case 2. From ^ to get 

(476) 03{\zfq'^^;q) = Oaiui - Xn-^i \ n-^'i) 

and 

(477) 0i{z^q^^;q) = Oiiui - Xn-^'i \ n.-^'i) 

= 2 Vn^'exp j 7m"°(n''M - A)^ — 



i7r(n%- A){l + 0(e-2''«")| 



as ri oo. 

From formulas I|353p - p56p . we have 

(478) K (sinhTT (u + (r + l/2)ni"") | exp(-7m-'')) 

( - 1 ) a/2 { cos TT («'' u - A) + O (e-2™° ) } 

exp {-^-'^(n'^?/ + (r + l/2)n)2 - + ^ + 

and 

(479) /i„ (sinh7r(7i + (r + l/2)n^-")|l exp(-7m-°)) 
^(-1)™+^ {cos7r(n'^M - A) + 0(e-2^"°)} 



exp{iii^ + 2Li^} 



as n ^ oo . 



5.4. Proof for Corollary 15. 3L In this case we have 

(r + l/2)n 



(480) sinh f „ = sinh tt u + 

V 7logn 

(481) 



, . , -v/27 logn / TT 27r / 1 \z \ 

w™(smh^„) = exp -— (7Mlogrt+ (r + I 2)n) 

TT \ 87 log n 7 log n ' 



and 



/ 77rlog 
V 6 



(482) ^ = '"''^ ' , {1 + C^(n--)} , 

(483) q ' 



^«(n+i)/4 / w»m(sinh^„ 



(9;'?)n 

(-^(7"log" + (T + l/2)n)') 



./5f pxn ( 2 I- "("+^)"^ 

V " \^ 127 log n ^ 47 log n 



{1 + 0{ji-^''^)] 



as 71 c«. 
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5.4.1. Proof for case 1. From formulas l|344p and l|345p to get 
(484) K ( sinh tt(u+ IL±1Z^ j | cxp 



7 log n J V 7 log 

+ 1/2) 
7logn 



expTT ( nu + - — ^ ^ — ) {1 + O (exp(— 27rrr^/(7logri 



and 



{l + 0(n-4"T)} 



exp I 



^ 47 log n + 127 log 



as n ^ 00 . 



5.4.2. Proof for case 2. In this case we have 



(486) ei{z^q''']q)^ei[ui 



7 log 7 log n 



logn /7r(M7logn — A) 



— , . ■ exp , 

n''T/4 \^ 7logn 

X cos7r(u7log7i- A) {l + 0{n~^'''^)) 



and 



(487) 03(kl'g'^g)=^3(m 



7 log n 7 log n ^ 

V 7iogn y 



Then, 



(488) K [ sinhTT ( u + ('^ + V^)"- 1 | 



7logri / \ 7logn 
^exp (7.7 log n + (r + l/2)nf) 

= (_i)A+™wi2exp(53^-3^giy 
X {cos7r(w7logn-A) + C'(7i-2'r'')}, 



and 



(489) /i„ ( sinhvr I u + + ^/^)'^ j || g^p 



7 log n J \ 1 log 

2"{cos7r(u7logn - A) + 0(71-2'^'')} 



, ^^^^87 log n ' 47 log 

for n sufficiently large. 
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5.4.3. Proof for case 3. Put 6',toi,A in l[359l) - ((36Tl) to get 
(490) K ( sinhTT [u + IL±1Z^ j I exp ' ^ 



7logri / \ 7logn 



^sinhTT 

^^exp (-^(^7logn + (r + 1/2) 

('_nm„7r7/12„„„(' I[ ri^7t_\ 

ij « ' exp^247logn 47logTi/ 

{cos7r(M7logn - (3) + ©(n"**"/^ log^ n)} 



and 

(491) /i„( sinhTT 



(T + l/2)n 
u + I II exp 



7 log n / \ 7 log 

2" {cos 7r(u7 log n - /3) + ©(n"^''/^ log^ n) } 



TT ( 1)™ exp(g^j^g^ + ^^j^g^) 

for n sufRciently large, where 7 = |f . 

6. Stieltjes-Wigert Orthogonal Polynomials 
Stieltjes-Wigert orthogonal polynomials {5'„(a;; g)}^Q are defined as [13] 



(492) Sn{x;q)^Y. 



k=o (9;'?)fc('7;g)n-/c' 

Stieltjes-Wigert orthogonal polynomials come from an indeterminant moment prob- 
lem. They satisfy the orthogonality relation 

/.oo ^-n 

(493) / Sm{x;q)Sn{x]q)wsw{x)dx = — (5™,„, 

Jo <l)n 



where 

2 

log 



(494) Wsu,(x) := W— — exp 



27r log g \ 2 log q 
Clearly, the associated orthonormal Stieltjes-Wigert functions are given by 



(495) s„(a;|jq) := q"'{q;q)nWsw{x)Sn{x]q). 
For any nonzero complex number z, let 

(496) s = 2T + 2 + i-^, a:„(z,s) = zq-"^ t, 6* G 

logg 

Reverse the summation order of (|492p to get 

5„(x„(z,.);g) _^ qk-^2nke.^ / ^2rn 

(-2:)"g"'(i-^' ^ (g;(7)fc(q;g)„_fc ^ 2 
Clearly, 
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or 



(499) \Snixniz,.s);q)\< 



6.1. Asymptotic Formulas For Stieltjes-Wigert Polynomials. 

Theorem 6.1. Given any nonzero complex number z, let s and Xn{z, s) be defined 
as in (|493l) and (|494l) and let 



(500) j„ 



q"^ log n 
logq-i 



, fc„ = min 



(1 + r)n 



(-r)n 



we have the following results for Stieltjes- Wigert polynomials: 
(1) When T > 0, we have 

C 



(501) 



(_2)nqn2(l-s) 



1 + ^^^^(nll), 



and 



2r„+i exp((g2™+i/((l _ 5)1^1)) 
(502) |r..(n|l)| < ^ (I - q)U\ 



(1-9)1^1 

(2) Assume that t — 0, if for a fixed real number A there are infinitely many 
positive integers n such that 



(503) 



(504) 



(505) 



then, 



n9 — m + X, m G Z, 
Sn{xn{z,s);q){q;q), 



\rs^{n\2)\ < 



A„ 



rsw{n\2), 



|z|L"/2j 



for n is sufficiently large. 
(3) Assume that t = 0, if for any fixed real numbers (3 and p > 1 there are 
infinitely many positive integers n such that 



(506) 



(507) 



n6 = in + P + bn, m G Z, I I < — j 

nP 



then, 



ano 



Sn{xn{z,s);q){q;q)oo , /e'"^ 



(-z)"g"''(i-'') 



A„ 



esu,(n|3), 



(508) |e,,„(n|3)| < 24exp(<7/((l - q)\z\)) 
for n is sufficiently large. 



logn ^ q^r^ {{q-^-l)\z\)-'^ 
nP (1 - q) 



9' I 
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(4) Assume that —1 < r < 0. If for some fixed real numbers A and Xi there 
are infinite number of positive integers n such that 

(509) — nr = m + A, m e N, n6 = mi + \\, mi e Z, 

then, 

(510) 

( ^ ^An^n^ (1 — s)+m(2Tn+m) 



ano 



(511) |r.^(n|4)| < 12^3(Nk'^g) |fr^ + \z\''-q'^'^+'^''- + ^^-J^ j 

for n sufficiently large. 
(5) Assume that — 1 < r < , if for any real numbers (3, A and p > 1 there are 
infinitely many positive integers n such that 

(512) nO = mi + (3 + bn, < — , mi e Z, 

nP 

and 

(513) -nT = m + X, m e N. 
T/jen, 

(514) 5„(x„(z,.);g) = ^ (g; 4(_,e-2n.^»).. (zg^^e-^/^^^ g) + r.Un|5)} , 



(515) Mn\5)\ < ms{\z\q'\q) j^^j^ + + ^ + ^| > 

/or n sufficiently large. 
(6) Assume that — 1 < r < 0, «//or arj?/ reaZ numbers (3, A arid p > 1 there are 
infinitely many positive integers n such that 

(516) —nT = m + p + an, |a„| < — , m e N, 
arid 

(517) n6 = mi+ A, mi e Z. 
Tften, 

/ (1 — s) -\-7n(2Tn-\-7n) 

(518) 5„(x„(^, 5); g) = iq-q)U-ze-^-^^^r ("«''^"''"' + '^-("1^)} ' 

and 

(519) 

|r«.(n|6)| < 360si\z\q'^;q) ^—yj. + \zY^q^l+^iP-^)^^ + J_ + ^ I 

I \zY^ i- — q nP \ 

for n sufficiently large. 
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(7) Assume that — 1 < r < 0, If for fixed real numbers P2 and p > there 
are infinitely many positive integers n such that 

(520) ~ TTi = m + (3i + Qn, |a„| < — , m G N, 
and 

(521) ne = mi+(32 + b„, IbJ < —, mi G Z. 
Then, 

(522) 

f y\rt -^71^(1 — s)+m(2m+m) 

S4xn{z,s);q) = ^ (J j2^(_,,-2„..i)^ (.g^^^e-^/^-jg) +r.4n|7)} , 
and 

(523) 

\rsUn\7)\ < 156^3(^19^^^; 9) + |,pV.^i^+2(/3.-i).„ + ^ + 

I ^ ~ Q nP \ 

for n sufficiently large. 

In the following corollaries we assume that 

(524) z = e^''", u e M. 
If we let 

(525) q = exp{-n~°^TT), < a < ^, n € N, 

then we have the following results for Stieltjes-Wigert polynomials: 
Corollary 6.2. (1) Ifr > 0, then 

(526) 5'„(exp 2n{u + (r + Ijn^-"); e"''""'') 

exp (2nnu + (2t + 1)7^.^-" + ^ - ^) {l + O (e-^'^"")} 
~ (-l)"V2n°^ 

(527) s„(cxp2^(u + (t + l)n^-")||e-"""") 

(-l)"exp {--^{n''u + Tnf - ^) {l + O (e"'*'^"")} 



V^exp( -<-+f^-° +^-^) 



as n — > 00. 

(2) Assume that — 1 < r < and for some fixed real number X, there are 
infinitely many positive integers n such that 

(528) -nT = m + X, m e N. 
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Then, 

(529) Sn (exp27r(w+(T + l)ni-'^);e-''""°) 

exp ^7rn~" (n°w + (r + l)nf^ 



X {cos7r(n"M -X) + (e^^-"" j | , 



and 



(530) Sn (exp27r(M + (r + l)ni-»)||e-"""'') 

^ (_l)(i+r)n+A |cos7r(n'^u - A) + O } 

/or n sufficiently large. 
If we choose that 



(531) g = exp ^ , n > 2, 

then we have the following: 

Corollary 6.3. (1) 7/t > 0, then we have 

( ( (t -\- l)n\ / TT 

(532) Sn exp 27r u + -^-j — — ; exp ' 



7 log n y ' V 7 log / 



(-l)"V27logn 

and 

(533) s„ (exp 27r [u + '''^ ^''^ ) || exp 



7logn / \ 7logn^ 
(-^(7^^ log" + - ¥) {1 + (n-4-7)} 



(-l)«^/2^exp(^ 



7'7r log n 



127 log n 12 



/or n sufficiently large. 
(2) Assume that — 1 < r < anc! /or some /zxec! rea/ number A iftere are 
infinitely many positive integers n such that 

(534) - nr = m + A, m e N. 
Tften, 

(535) Sn (exp 27r (^u + 1L±11!1 ) ; exp 



7logn J \ 7logn 
(_l)(i+T)n+A^7'r/i2 /7r(u7logn+ (t+ l)n) 



\/7 log n V 7logn 127logn 

X {cos7r(7Mlogn -X) + (n"^''^)} , 



^2 
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(536) 



Sn exp27r u 



(r + l)n 
7logn 



exp 



7 log n 



/tF exp ^ 



TTU I 7r(r+2)Tt I 

2 ~'~ 27 log n ~'~ 87 



logn J 



for n sufficiently large. 
(3) Assume that — 1 < t < 0, «//or some fixed real numbers (3, p > I and A 
there exist infinitely many positive integers n such that 



(537) 



(538) 



(539) 



nr = m + P + an, |a„| < 



1 



id let 



7 



4p 

97r' 



^ften /or eac/i 0/ such n, we have 
(t + 



Sn exp 27r u 



7 logn 



;exp 



7 log n 



_-i \n-m p/27 



(-1) 



■ exp 



7r(M7 log n + (t + 
7 logn 



127 logn 



(540) 



|cos 7r(7w log n - /3) + O (^n"*''/^ log n) | , 
(r + l)n' 



Sn exp 27r u 



7 log n 



exp 



7 log n 



(-1)"-" {cos 7r(7u logn - /3) + O (n'^''/^ logn)} 



0rexp 
for n sufficiently large. 



TTU I 7r(T + 2)K _| 

2 ~'~ 27 log Ti ~'~ 87 



log n J 



6.2. Proofs for Theorem l6.lL In the first three proofs we will use the inequalities 



(541) 

for < fc < n and 
(542) 



< 



{q;q)c 



(g; g)o. 



< 1 



{q;Q)n-k 



< 



2q 



l+n/2 



for < k < [^J — 1 for n sufficiently large, which is a directly from Lemma [TTTl 
In the last four proofs we have 



(543) 



rn = m + c„, m G N, nO = nii + d„, mi g Z. 
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Then, 

'^^{q]q)k{q]q)n-k\ z ) ^£^^^{q;q)kiq]q)n^k \ z 

= Si + S2. 

We reverse the summation order in si to obtain 

/ \2 / —2n9i:i\m 

(545) ''^'''\ztZ^, ^ =J:^' (-z,-e--i%(fc,n), 

and 



(546) e(fc,n)- ^ , . 

(.'?; Q)rn-k[q', q)n-m+k 

It is clear that 

(547) |e(fc,n)|<l 

for < k < m. Using Lemma [LT] to expand and estimate each term of 

(548) e(k,n) -1= {ri {q;m - k) + 1} {ri {q;n - m + k) + 1} ~ 1, 
to get 

(549) |e(fc,n)-l| < ^y-^ 

for < fc < fc„ — 1 and n sufficiently large. 

In sum S2 we shift summation index from fc to + m to get 

(550) = (-.-,--e--")V(fc,n), 

^ k=l 

and 

(551) /(fc,n)- ^'^''^^^ 



(g;9)m+fc(g;g) 

for 1 < < n — m. Hence 

(552) \f{k,n)\<l 

for 1 < fc < n — m. Expand and apply Lemma ll.ll to each terms of 

(553) f{k,n) -1= {n (9;m + fc) + 1} {ri - TO - fc) + 1} - 1 
to obtain 

(554) |/(fc,„)_i|<^_ 

for 1 < fc < fc„ — 1 and n sufficiently large. 

The rest are similar to the corresponding proofs for the Ismail-Masson polyno- 
mials. 
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6.3. Proof for Corollary 16. 2L In this case we have 

(555) a;„(2;, s) = exp27r(u + (r + 
and 

(556) Wsw{xn{z,s)) ^ — ^exp -27rn "{n^u + {t + l)n + - f 
Clearly, 

(557) {q;q)oo ^ V2^exp 
1 



(558) 



''^f \^ 6 24 



24 6 + 

) {l + 0(e-4-"°)} 



(g;9)c 



(559) q)„ = V2n'^ exp -Trn^ " + 



then, 



24 6 



^ {:..(e— )}, 



(560) V<t{(m) {Xn{z,s)) 



TT '^^^ V ^8 12 2" 



X exp 



(^-7rn-'^(n% + (r + l)n + i)^^ {l + O (e-^""") } 



as n ^ oo . 
Notice that 



(561) 



'4 {zq^^; q) = 6*4 {ui - iXn'" \ n^'^i) 



^°/^exp( "("°;;7^^' )g.(n°u-A|n-») 



2.-/^exp(-^"°7^)^-^ 



X cos 5 



i7r(7i''u-A)|l + C'(e-2™"^|, 
and 

(562) 03 {zq^^; q) = 63 {ui - iXn-" \ n-^i) 

= „^/2 exp ( ^i^"^-^)' ) 0^ (^a^ _ ^ I ^a^) 

^ 2„"/^exp(^(l^){l+0(»--)} 



as n — > 00. The proof for case 1 follows from i|50ip and (|502p . while the proof for 
case 2 comes from (1510ft and (15111). 
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6.4. Proof for Corollary 16. 3L In this case we have 

(r + l)n 



(563) a;„(z, s) = exp 27r u , 

\ 7logn 

and 



1 jjlogn I 27r ^ ^ _ , /_ , i\„ 1\2 



(564) Wsw{xn(z, s)) = -\/ — - — exp (7ulogn + (r + \)n + -) 

TT V 2 \ 7logn 4 

It is clear that 

(565) (<z;,)eo = v/^7l^exp(^^-^-2:^){l + 0(n-^^^^ 

^ M9;9)oo V27logn 6 247logn; ^ ^ >^ 

as n ^ cx). 



(567) ^/q'^{q]q)nWsw{xn{z.,s)) 



7 log n f TT nn "fir log n 
exp 



X exp 



487 log n 27 log n 12 

( ^{lu logn + {T + l)n+\f\{l + } 

\ 7 log n 4 / 



as n ^ 00 . 
(568) 



7 log n 7 log n 

r-j 7r(7ulogn - A)2 \i ■ , n 

V7 log n exp ^ 62 (ju log n — A U7 log nj 

7 log n 

(7logn)^ 7r(7MloKn — A)^ , , r „/ o^,a i 

^ exp-!^^^ p ^cos7r(7ulogn- A) {1 + (n-^'^^)} , 



and 

(569) d3{zq^'';q) = 03{m 



n^^ 7 log n 

Xi 



7 log n 7 log n 

^-j 7r(7ulogn- A)2 xi • 1 n 

y 7 log n exp 6^3 (7U log n — A | 17 log n) 

7logn 



^-j 7r(7ulogn-A) . . _ 

= V7log?^exp {l + 0{n ^)} , 

7 log n 

as n ^ 00. The proofs for three cases follow from the formulas l|50ip . I|510p and 
(|518p respectively. 

7. g-LAGUERRE Orthogonal Polynomials 
The g-Laguerre orthogonal polynomials lLi^\x;q)\ are defined as [13] 

L J n— 

(570) 4"^(-;9)=E ^^ ^^ ^ ^" 



2 



{q;q)k{q,q°'+'^;q)n-k 
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for a > — 1. For any nonzero complex number z, let 

20^ 



s = 2T + 2 + i- , xJz,s,a) = zq t,0 e 

logq 



(571) 

reverse the summation order to get 



then 



< 



or 



(574) 4")(a;„(z,s,a);q) 



(9;g)oog"'(2^+i) " (9;g)oo9"'(2r+i) ' 



< 



2 log 9 



(g;<Z)co g(2r^+2r + l)„2 

7.1. Asymptotic Formulas q-Laguerre Polynomials. 

Theorem 7.1. Assume that a > —1, given any complex numbers z ^ 0, let s and 
Xn{z,s,a) be defined as in l|60ip and let 



(575) 



Jn = 



q'^ log n 
logg-i 



{ 


(1 + r)n 




— TTl 






2 


7 


2 


} 



we have the following results for q-Laguerre polynomials: 
(1) Assume that t > 0, we have 

(576) ^^^V%^^^^#^ = 1 + ^.H1) 



with 



(577) 



Ki{n\^)\ < 



g2™+iexp (g2™+V((l-q)|2|)) 



(2) Assume that t = 0, if for some fixed real number A there are infinitely 
positive integers n such that 



(578) 



(579) 



(580) 



nO — m + X, m e Z, 



then, 



c 

(-z)"g"'(i-^) 



WM2), 



Kiin\2)\ < 



('7;9)c 



.|L"/2J 



/or n sufficiently large. 
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(3) Assume that t = 0, if for some fixed real numbers (3 and p > 1 there are 
infinitely many positive integers n such that 

(581) ne = m + l3 + bn < — , m e Z, 

nP 

then, 
and 

(583) |e,,(n|3)| < 24exp [j^^) |^ + + -] 1 

for n sufficiently large. 

(4) Assume that — 1 < t < 0, if for some fixed real numbers A and Ai there are 
infinite number of positive integers n such that 

(584) —nT = m + X, m&N, n9 = mi+Xi, mi e Z, 
then, 

(585) 

( ^\n^n^ {l — s)-\-m{2rn-\-m) 

arid 

(586) |r,j(n|4)| < 60^3 {\z\q^\ «) {r~^ + kl"'"?'""'^'" + | 

/or n sufficiently large. 

(5) Assume that — 1 < r < , i//or some ^xerf reaZ numbers (3, A and p > 1 
iftere are infinitely many positive integers n such that 

(587) n6' = mi +/3 + 6„, |6„| < — , mi e Z, -nr = m + A, m e N, 
then, 

(588) 

/ (1 — s)+m(2rn+m) 

L(")(x„(.,s,a);,) = ^ (g; j2^(-.e-^"^^^)"^ (^^^^e"^/^-; g) + r,,(n|5)} , 
and 

(589) 



1 — q nP 

for n sufficiently large. 
(6) Assume that — 1 < r < 0, if for any fixed real numbers /3,A and p > 1 there 
are infinitely many positive integers n such that 

(590) — nr = m + /3 + a„, |a„| < — , m e N, = mi + A, mi e Z, 

nP 
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then, 

(591) 

arid 

(592) 

/or n sufficiently large. 

(7) Assume that — 1 < r < 0, «//or some /ja;e(i real numbers Pi, 02 and p > 
there are infinitely many positive integers n such that 

(593) —Tn = m+Bi+an, |a„| < — , m e N, 

nP 

and 

(594) n6 = mi+(32 + bn, l&nl < — , mi e Z, 
(595) 

4")(x„(.,s,a);,) = ^ {^4 K^^e-/^-';g) +r,,(n|7)} , 

arid 

(596) |r,;(n|7)| < 180 !^\z\-inqjl-2i0^+i)jn + |^p.giS+2(/3i-i)i„ + + 

for n sufficiently large. 
In the following corollaries we assume that 

(597) z = e^''", ueR. 
If we let 

(598) q = exp(-n""7r), < a < ^, n e N, 

then we have the following results for g-Laguerre orthogonal polynomials: 
Corollary 7.2. (1) Ifr > 0, then 

(599) lI^^ (exp 2tt{u + (t + l)n^-" + an-"/2); exp(-n-"7r)) 
_ exp2n7r (u + (r + |)ni-°) {l + 0(6-*'^"°)} 

~ (-l)"\/2n«exp(-^(n-« -4n«)) 

as n ^ oo . 

(2) Assume that — 1 < r < anrf /or some fixed real number A there are 
infinitely many positive integers n such that 

(600) -nT = m + X, m e N. 
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Then, 

(601) L(f'(exp27r(M + (t+ l)ni-° + an-"/2);exp(-n-''7r)) 

_ exp {TTn-''{n''u + {t + l)n)^) {cos7r(n''u - A) + O (e^^''"'') } 

for n sufficiently large. 
If we choose 

(602) q = exp ( — ) , n > 2, 



7rn" 
12 



7 log n J ' 

then we have the following: 
Corollary 7.3. (1) If t > 0, then we have 
(603) f exp M7ulo,r^+ ir + l)r. + a/2)_^ 



7 log n V 7 log n 



fi^il^ exp {^n-Ku - 



(2r+l)w''7r 



7 log n 247 log n 



{l + C»(n-^'^T)} 



(-l)"V27logn 

for n sufficiently large. 
(2) Assume that — 1 < r < and for some fixed real number A there are 
infinitely many positive integers n such that 

(604) - TIT = m + X, TO G N, 

then, 

(605) 



Li") 



27r(7ulogn + (r + l)n + q;/2)\ / n 

exp I - I ; exp I 



7logn / \ 7logn^ 

_ n-^/^^exp - ito) {co«^(7Hlogn - A) + (r.-^-^)} 

(_l)(l+r)n+A^^l0g„ 

/or n sufficiently large. 
(3) Assume that —1 < r < 0, j//or some /ja;e(i reaZ numbers (3, p > 1 and A 
iftere ea;«si infinitely many positive integers n such that 

(606) —nT = m + f3 + an, |a„| < — , to e N, 



an 



d let 



(607) 7 =g, 
then for each of such n, we have 

(608) 4«) fexp ( Mlulo,n+ ir + l)n + a/2) \ ^^^^ / . 



gn 



g^p ^ 7r(M7 logn+(T+l)n) 



- — (-i)n-tr-p/^'V7iogT" - + ^ (Ss) 

for n sufficiently large. 



PLANCHEREL-ROTACH ASYMPTOTICS FOR 9-SERIES 



69 



7.2. Proofs for g-Laguerre Polynomial Case. In the first three proofs we will 
use the inequalities 

(609) < /C'?^" <1 

for Q <k <n and 

14g"/2 



(610) 



(9; 9)00 {q°''^'^]q)n ^ 



< 



l-q 



{q;q)n-k (g"+i;g)„-fc 
for < fc < [f J-1 and n sufficiently large. This can be seen by expanding 
(611) 

and estimating each term by Lemma [TTTl 
Assume that 

(612) — Tn = m + c„, m G N, nO = mi + dn, mi G Z, 

then, 

L<r^(x„(^,g,«);g) _^ gfe%2nfce.. (g°+^g)„ / g^"'^' 
^ ' (_^)n5»^(i-.) ^t^Jg;g)fc(<z;g)„-fc(g"+i;<z)„-fe ^ z 



■Sl + 32- 



{q;q)k{q;q)n-k (g"+^g)„-fc V ^ 

A; 



E 



We reverse the summation order in si to obtain 

(614) ''^'''%Z^'^"^"^ -t^'' (-V-e— e(fc,.), 

^ k=0 

and 

(615) e{k,n)- (q; q)Uq"^'; q)n 



(<?; q)m-k{q; q)n-m+k{q°'^^; q)n-m.+k 

Clearly, 

(616) |e(fc,n)|<l 
for < fc < m. Expand and estimate each term of 
(617) 

e(fc, n) - 1 = {r2 n) + l} {ri (q; m - fc) + 1} {ri (q; n - to + fc) + 1} {ri n -TO + fc)+l}-l 

by Lemma [TTT] to get 

(618) |e(fc,n)-l|<^^ 
for < fc < fc„ - 1. 
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In sum S2 we shift summation from fc to A: + m to obtain 
(619) ''^'''^±:L, ^ = E ^'^ (--.--e---0'= 

^ k=l 

and 

('z;9)L('z"+^'z)n 



(620) /(fc,«) = 7 7 , . r «+i ^ 

[q; q)m+k[q; q)n-m-k{q"^'-; qjn-m-k 

for 1 < k < n ~ m. Hence 

(621) \.f{k,n)\<l 

for 1 < k < n — m. Apply Lemma [TTT] to each term of 
(622) 

/(fc, n)-l = {r2 (g"+^ n) + l} {n (g; m + k) + 1} {n (g; n - m - /c) + 1} {n n - m - fc) + 1} - 1, 

we obtain 

(623) |/(A:,n)-l|<^^ 
for 1 < fc < fc„ - 1. 

The rest of the proofs are very similar to the corresponding proofs for Ismail- 
Masson polynomials and we will not repeat them here. 
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